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We investigate the mechanism that provides the optimal decision rule for two agents
making joint decisions. It is shown that, a special rectangular mechanism with two sided
screening, elicit correct information when agents’ preferences are private information. Such
mechanism is presented as a game of incomplete information. It is shown that if types
are uniformly distributed, then a three stage sequential game with an exogenously given
probability of a terminal break down cannot be improved upon within a restricted class
of models.
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1. INTRODUCTION

This paper studies the problem of a mechanism designer who wants to resolve the
dispute between two agents preferring different alternatives. Each agent has private
information concerning his valuation from two alternatives. Thus, a mechanism
designer does not know both agents’ true preferences, and also agents themselves
have incomplete information concerning their respective preferences. The objective
of a mechanism designer is to elicit right information concerning agents’ preferences.
One way of obtaining this information is by imposing an inferior outcome that is
Pareto dominated by two other alternatives that each agent has demanded.

We characterize the decision rule that a mechanism designer can employ in
order to induce agents to reveal true information in Bayesian Nash equilibrium. It
is shown that by assigning the appropriate probabilities to each outcomes contingent
upon agents’ risk limits, a mechanism designer can induce agents to reveal their
true preferences.

The mechanism that we consider here has many important applications. The
design of tournament procedure, the writing of contract that specifies the penalty
when agreement fails, and construction of implementation procedure for resolving
legal dispute between parties who will come to have private information are all
examples.



There are two essential differences between our model to that of the general
mechanism design problem discussed in the existing literature. First, our model
deals with non-transferable utility, thus avoids a budgetary problem discussed in
d’Aspremont and Gerard-Varet (1979). Second, we do not need to deal with par-
ticipation constraint since the dispute ends in three possible ways; two alternatives
preferred by each player and an inferior outcome.

The paper is organized as follows. In Section 2, we introduce definitions and
notations. Furthermore, we derive the conditions that is necessary and sufficient for
the mechanism to be Bayesian incentive compatible. Section 3 relates the escalation
game in the context of the mechanism design. It is shown that a sequential esca-
lation game is a special mechanism that is truth revelaing. Section 4 investigates
the mechanism that is both truth revealing and efficient. It is shown that with
uniformly distributed risk limits, a three stage escalation game cannot be improved
upon within a restricted class of models.

2. TRUTH REVEALING MECHANISMS

2.1. Problem

The mechanism designer wishes to achieve a settlement between two agents who
favor different alternatives. Agent ¢ strictly prefers alternative w; above w; and his
opponent j strictly prefers w; above w;. The alternatives are physical outcomes that
are the result of a collective decision of two agents. For example, (i) the merger
deal can only be carried out if it is agreed by both companies (i7) the child custody
is given to one of the parents.

The problem that the mechanism designer faces is that he does not know agents’
payoffs. We will show that by imposing the probability of a Pareto dominated
alternative wg, the mechanism designer can elicit information concerning agents’
payoffs.

The setting of the problem now involves three alternatives (wo,w;,w;) with the
preference ordering wu; (w;) > u; (w;) > w;(wo). Again, we normalize utilities
towards the risk limits:

gy = i) —wilw;) k= uj(wj) — ujwi)
ui(wi) — ui(wo) wj(w;j) — uj(wo)

The type k; is randomly selected from an interval K; that is included in the closed
interval [0,1]. The type of an agent is private information, i.e. each agent is only
informed about his own type. The interval K;, K, and the distribution of the types
are common knowledge.

The mechanism designer assigns the probabilites to each alternative for each
report of the agents. Let D denote the set of probability distributions over the
alternatives (wo,w;,w;), i.e.

D = {(po,pi,pj) |0 < po,pi,p; <1 and po+p; +p; = 1}.

A distribution p = (po, pi, p;) is called an outcome and generates for each agent
1 an expected utility

Ei(p, ki) = poui(wo) + piwi(wi) + pjui(w;)
= ui(wo) + (L —po—pjki) x (ui(w;) — ui(wo)) (1)
—_————

Ui(p| ki)



We return to the term U;(p|k;) = (1 — po — pj ki) later on.

2.2. Definition of a mechanism

The mechanism designer partitions the Cartesian product K; x K; and defines
a selection function. Let p denote this partition, i.e. K; X K; = UpecpB and
BN B = & for each pair B and B’ of different elements in p. Later on, we will
impose more structure upon p. In particular, we will assume that the partition @
is finite and consists out of rectangles.

The selection function is a map from the partition g to the set D of outcomes

d:p— D: A d(A) = (do(A), d:(A), d;(A)).

The couple M = (p,d) is said to be a mechanism. The interpretation is as
follows. The mechanism designer announces a mechanism M and asks the agents
to simultaneously report their types. If the report (A;, A;) he receives belongs to A
in p, then he selects the outcome p = d(A). We abuse notation and we will write

d(Ni, Aj) instead of d(A) with (A, \j) € A€ p.

Note that the agents may or may not report their true types, i.e. the reports
(Aiy Aj) may differ from the true profile (k;, k;).

Given such a mechanism M, each agent ¢ tries to gain by strategically announc-
ing a type A;. In other words, agent ¢ optimizes the map

/\i — El(d()\z, )\J), k?z),

where expectations are taken over the announcement A; of the opponent. Recall
that the information k; and k; is private. Player ¢ only knows the distribution of
his opponents type k;. Now, we return to equation (1) and we observe that the
map

Xi — Ui (d(Xi, Aj), ki) = 1 —do(Niy Aj) — dj(Ni, Aj) ks

is a positive linear transformation of the expected utility. Indeed, for each agent 4
the value u;(w;) — u;(wo) is strictly positive. Manipulating E;(d(Ai, Aj), k;) corre-
sponds to manipulating U;(d(X;, A;), k;). From here we focus on these normalized
payoff functions U; and U;.

2.3. Incentives under the Bayesian Principles

The process of reporting the type can be interpreted as a 2-person Bayesian
game of incomplete information. In this game, the strategy A; of player ¢ is going
to be determined by the strategy A; of the opponent, since his objective function
U; depends upon the revealed type A; of the opponent. We want to investigate
the case where it is the optimal strategy for a player to reveal his true type if his
behavior is guided by Bayesian principles.

Definition 1: Let M = (p,d) be a mechanism and let (k;, k;) in K; x K; be
a profile. The announcement (A}, )\j) is said to be a Bayesian Nash equilibrium if
for each player i and for each \; in K;, we have

Ui (d(A7,N)) ki) > Uy (d(Xi, A)) | k) -

J



The ultimate goal of the mechanism designer is to develop a mechanism such
that it is in both players’ interest to reveal their true types. Formally:

Definition 2: Let M = (p,d) be a mechanism. Then, M is said to be truth-
revealing if for each (true) profile (k;, k;) the announcement (k;, k;) is a Bayesian
Nash equilibrium.

Let us provide an example. Although we do not yet insert a truth revealing
mechanism, we will learn how to improve this mechanism and detect conditions
that are strong enough to guarantee truth revelation.

Example 1 (a naive mechanism): Let K; = K3 = [0,1]. Consider a designer
wanting to implement the Nash bargaining solution. He wants to select that alter-
native w that maximizes the Nash product [u;(w) — u;(wo)] X [u;(w) —u;(wp)]. One
can check that this designer must select (with certainty) alternative w; (resp. wj)
if k; > kj (resp. k)j > kl)

The designer partitions K; x K3 into three sets (illustrated in Figure 1): the
diagonal As, the triangle A; below, and the triangle As above the diagonal. The
selection function d = (dy, dy, ds) is as follows:

(A7) = (0,1,0), d(As) = (0,0,1), and d(A3) = (0,0.5,0.5).

Figure 1

That is, alternative wq (resp. ws) is selected in A; (resp. Az), and on the diagonal
both w; and ws have probability 0.5 to be selected. The probability of selecting
the disagreement outcome wy is everywhere zero.

This mechanism has a unique Bayesian Nash equilibrium: each player ¢ an-
nounces \; = 1. Indeed, whatever the true value of k; and whatever the opponent
announces, choosing A; = 1 is the best option for player i. As a consequence, this
naive mechanism is not truth-revealing, neither of the agents has incentive to reveal
their true types. The equilibrium outcome is a random choice between w; and wo.
|

Requiring a mechanism to be truth-revealing strongly limits the outlook of the
mechanism. The next lemma summarizes the effects of being truth-revealing upon
the selection function d = (dy, d;, d;).



Lemma 1: Let M = (p,d) be a mechanism and let (k;, kj) be a profile. If M
1s truth-revealing, then

o (i) the map \; — dj(\;, kj) is nowhere increasing, and

o (i) the map A; — do(Ni, kj) is nowhere decreasing.

Proof: M is truth-revealing. Hence, for each \; and 5\1 in K; we have
Ui(d(Niy k) | X)) =Us(d(Niy k) [ Ni) >0 and Ug(d(Ng, ki) | M) =Ui(d(Ng, k) | \i) > 0.

Add up these inequalities and obtain

Ui(d(Niy ki) | N) — Ui(d(Ni k) | X)) + Ui(dNis ki) | A) — Us(d(Nis k) | M),
[dj(Niy i) — dj(Nis Ky)] X (N — o),
> 0.

It follows that \; > X; implies d;(\;, kj) > d;j(\;, k;). Hence, condition (i) is
checked. R

Recall U; = 1—dy—d; k;. The combination of U;(d(X;, k) | As) > max U;(d( i, kj) | Ai)
and the monotonicity of A; — d;(\;, k;) implies that also (44) is satisfied.

This lemma states the following. If a player announces a higher risk limit, then a
truth-revealing mechanism gives more weight to the disagreement outcome and less
weight to the opponent’s most preferred outcome. Although this lemma is a first
step in characterizing truth-revealing mechanisms, it does not provide necessary
conditions. Indeed, the naive mechanism is not truth-revealing and satisfies both
properties: dgp = 0 and d; is nowhere increasing in A;.

Let us now study the linear maps k; — U;(d(\i, kj) | ki) = 1 — do(Ni, kj) —
d;j(Xi, kj) k; and do some sensitivity analysis (with ); as exogenous parameter).
From the lemma we learn that both the vertical intercept 1 — dy and the absolute
value d; of the slope are nowhere increasing in the announced risk limit A;. Of
course, the graphs of two such linear maps (for two different values of A;) have at
most one intersection point in the strict positive part of the (k;, U;)-plane. Appar-
ently, whether two such graphs do intersect (in the relevant area) will influence the
properties of the mechanism.

Example 2 (a naive mechanism, continued): Let us exercise the above ap-
proach and consider linear maps k; — U, for different values of A;. The intercepts
coincide: 1 —dp = 1 (see Figure 2). Concerning the slope —d; there are three
cases to distinguish: —d; € {—1,-0.5,0} depending upon whether \; is smaller
tan, equal to, or larger than k.



Figure 2

Obviously, the line corresponding to A; > ko allocates the higher utilities to
player 1. Whatever the (true) values of k1, player 1 benefits from announcing a risk
limit A\; that is higher than k. Given the uncertainty about ks, player 1 should
announce A\; = 1. As the mechanism is symmetric in both players, we arrive again
at the unique equilibrium: (A, A2) = (1,1). W

This naive mechanism indicates that if the different utility maps A; — U; do
not intersect in the strict positive part of the (k;, U;)-plane, then the players do not
have an incentive to reveal any information about their true risk limits. They will
announce strategically and choose the dominating utility map. Hence, in order to
force a player to reveal some information, the mechanism designer should use utility
maps that intersect. Two utility functions intersecting at the ‘k; > 0’-area must
have different vertical intercepts. As a consequence, the mechanism designer must
attach a positive probability to the disagreement outcome. Therefore, imposing
truth-revelation is at the cost of selecting the disagreement outcome with a strictly
positive probability.

Example 3 (almost truth-revealing): Consider the next mechanism. Let 0 <
e < p < 1. The partition p contains the set A; = {(A1,A2) | A1 < p} and the
complementary set As. Figure 3 presents the partition p and Figure 4 shows the
graphs of the utility map of player 1.



Figure 3 Figure 4

The selection d = (dy, d1, ds) is defined by d(A;) = (0,0,1) and d(As) = (e,1 —
g,0). If the designer receives a signal in Aj, then ws is selected. If the signal is
in As, then the outcome is a weighted random selection between wy and wy. The
probability of selecting the disagreement outcome is denoted by . Player 1 is the
only player able to manipulate the outcome, he has to reveal the position of his risk
limit with respect to pu. The figure 4 shows the graphs of the corresponding utility
maps (denoted by Ui 1 and Uy 2). Player 1’s choice between U1 and U 2 depends
upon his true risk limit k;. If k1 < e, then he truly announces \; < p. Also, if
k1 > u, he truly announces his risk limit. But, in the case ¢ < k1 < p, truth telling
is not optimal. Here, player 1 has an incentive to lie.

It is easy to avoid such a problematic part in the picture (indicated by a ‘7).
The graphs of Uy 1 and U 2 should intersect at k1 = g (indicated by the o). Hence,
one can

e cither set € = p,
e or add the alternative ws to the support of d(Asz).

In the first approach, the utility graph U; 5 shifts downwards and intersects U 1
at ky = p. As a consequence, the risk of choosing the disagreement point increases.
In the second approach, the value of € remains fixed. Hence, the vertical intercept
of the graph remains at 1 —e. The graph U » rotates until the intersection occurs at
k1 = p. Both interventions lead to a mechanism in which player 1 has an incentive
to reveal the true position of his risk limit with respect to p. W

Inspired by these examples we put more structure upon a mechanism. In par-
ticular, we impose the partitioning g to be finite and rectangular, i.e. the intervals
K; and K; are partitioned into a finite number of intervals and the partition @
collects all the Cartesian product of two such intervals. Formally, let K; = [k;, k;]
and partition K; into the n; intervals

Ly = [Einui,lL Lo :]va#i,z], vy i, :]Ni,nrh#i,ni] with i on; =ki.

The rectangle I; o x I;,, belongs to the partition P, for each ¢ = 1,2,...,n; and
for each m =1,2,...,n;. We will use such a rectangular structure to enforce each



player 7 to truly reveal his position against the values p; ;. A mechanism (p,d)
with a finite and rectangular partition g is said to be rectangular. For a rectangular
mechanism, announcing k; = (i, , is synonymous to announcing k; € I; o

The next proposition strengthens Lemma 1. First, the mechanism is assumed
to be rectangular. Second, we impose that the utility graphs corresponding to two
neighboring intervals I; o and I; o1 intersect at k; = p; , (see condition (iii)). As
such we obtain conditions that are strong enough to generate a truth-revealing
mechanism.

Proposition 1: Let M = (p,d) be a rectangular mechanism. Then M is truth-
revealing if and only if for each player i we have

o (i) the map \; — dj(N\i, kj) is nowhere increasing, and

o (ii) the map \; — do(\i, kj) is nowhere decreasing,

o (411) Ui (d (100 k5) | i) = Ui (d (11,0415 k) | p30) for each £=1,2,...m; —
1.

Proof: Let M be truth-revealing. Lemma 1 implies that (i) and (i7) are satis-
fied. Suppose condition (7i7) is not fulfilled. Let us follow the argument in Example
3. If the two graphs do not intersect at k; = p, 4, then some types in K; have an
incentive to tell lies.

Now suppose that conditions (i), (i), and (i4i) are satisfied. We have to check
whether

Ui (d (:U"L Y3 ) | M Z) >U; (d (Mz,m?kj) | :U’i,é) )

holds for each ¢ and m, by studying the graph of the map

ki (g n}\axUz (d ()\i,kj) | kl) = Hl)\ax{l — d() ()\i,kj) — dj ()\i,kj) kz}

We start with k; in I, ;. As the conditions (i), (¢4), and (i73) are satisfied,
player ¢ has an incentive to reveal the true position of the risk limit. Indeed, the
false announcement k; > p, ; decreases the intercept 1 — dg (\;, k;) and increases
the slope —d; (i, k;) of the graph: player ¢ (with k; small) will end up with a
lower utility. The intersection condition (74i) makes player i with type k; = p, ;
indifferent between announcing k; € I; 1 and announcing k; € I; 5.



Next, consider k; in I; o :]ui,l, /‘LZ]' Denote the utility obtained by player ¢
when announcing k; € I; 1 (resp. I2,1;3,...) by Ui1 (resp. Uiz2,U; s, ...
tions (), (it) ,and (4i7) force the positions of the graphs of U; 1,U; 2, and U, 3 as in
the Figure 5.4 : the intercepts decrease, the slopes increase, and the intersections
are at the right positions. Obviously, player 7 obtains the highest level of utility by
revealing the true position of his risk limit. As a matter of fact, the previous picture
remains valid when U; 1, U; 2, and U, 3 is replaced with U; ¢, U; 11, and U; g10. B

Example 4 (one-sided screening): Proposition 1 indicates that there are many
ways to turn the “almost-truth-revealing-mechanism” in Example 3 into a truth
revealing mechanisms. Consider the following mechanism depicted in Figure 5 and

6. :

Miq Hi2

Figure 5

(0,0,1)

(1,1-p,0)

Uy

u

Figure 6

The selection map d is indicated in the picture of partition. E.g. d(A;)
(0,0, 1): if the mechanism designer receives a report that is in A, then alternative
wo is selected. The outcome does not depend upon the information revealed by

Figure 7



player 2. Whether the report (A1, A2) belongs to A; or As only depends upon the
value of A;. In other words, the designer only screens for player 1.

Let us investigate the effect of a refined mechanism where player 1 can select
out of three rectangles (denoted by By, B2, and Bs) instead of the rectangles A;
and Ay. Figures 8 and 9 represents this new mechanism.

K, U,
1 1
1-o
B1 Bz Ba \
14 U
(0,0,1) (w14.0) " 13
(ouBy) B U,
k. U'H
0 My lll Mz 1 T “1£l 1 ] K,
Figure 8 Figure 9

Again, the selection map is denoted within the rectangles. Observe that U7 ;
coincides with the U;; in the previous mechanism, similarly U{73 coincides with
Ui,2. The utility map Uj 5 corresponds to the rectangle By. The outcome d(Bz) =
(a, B,7) in D is chosen in order to obtain a truth revealing mechanism: the two
intersection conditions completely determine the values of «, 8 and v (see below).

Let us compare the one-sided-screening mechanism (A;, Ag) with the one-sided-
screening mechanism (B1, Bg, B3). We start with the utility level obtained by player
1. The types k1 < p1; and k1 > p1, are indifferent between the two mechanisms. The
corresponding utility levels coincide. On the other hand, types in between p; and
po do prefer the second mechanism. For these types the utility map U7 , dominates
the levels of Uy 1 = Uj ; and Uy 2 = Uj 5. Conclusion: each type of player 1 weakly
prefers the finer screening mechanism, moreover some types of player 1 are strictly
better off in this finer mechanism.

We now focus on player 2. In case player 1 selects B; or Bs, the outcome remains
at d(Aj)or d(As), and player 2 obtains the same utility level as the mechanism
(A1, A2). In case player 1 selects Bo, the payoff of player 2 is affected. The outcome
d(B3) = (a, 8,7) is selected instead of (0,0, 1) at the left of g and (u, 1 — 1, 0) at the
right of p. Hence, at the left of p player 2 looses and at the right of u player 2 gains.
In case k1 has a low probability within the interval (u, pt5) and a high probability
within (uq, ) then player 2 is better off with the first mechanism (A;, A2); in the
opposite case, player 2 definately prefers the mechanism (By, Bs, Bs).

We will check whether the move from (A1, A2) to (B1, B2, Bs) has a positive
effect in the (ex ante) expected payoff of player 2 for the special case that the type
k1 of player 1 is uniformly distributed over the interval [0,1]. Alas, we need some
calculations.

First, we determine the expected payoff of player 2 for the mechanism (A1, As).
The map Fy : k — k describes the distribution of player 1’s type. The expected

10



payoff of player 2 is described by the map

kz = U2
= Fi(p)x1+Q-F(p)x1—-p k),
= p+(1—p)* (1= k)

In order to determine the expected payoff for the mechanism (B, Ba, Bs), we
first find out the outcome d(Bz) = («, 3,7). The graphs of U] ; and Uj , (resp. of
Ui, and U7 3) should.intersect at k1 = p; (vesp. at k1 = ji5). We obtain the linear
system:

{ L—py =1—a—=yp,
l—p=1—-a—"u,.

The solution for («, 8, ) reads

_ _ — ) (1=
LSl RN Sl ROt B S PSSPV (- St ) Gt 1

Y= )
Ho — Hy Ho — Hy Ho — My

Next, we write down the expected payoff for player 2:

k’z (g UQI
Fi () + (F1 (o) = Fi (1)) (1 — @ = BE2) + (1 = F1 (1)) (1 = ) (1 = k2),
= piy+ (g = py) (1 — = Bha) + (1 — pig) (1 — ) (1 = k2) .

Finally, we verify whether for each type ko the expected utility Uj exceeds Us.
Observe that the expressions for Us and UJ are linear in ky. Hence it is sufficient
to check whether Uj > Us holds for the types ko = 0 and ky = 1.

If k> = 1,then

Uy = Uz = py + (g — 1)y — =0,

if ko = 0, we proceed as follows:

Us—=Us = py+ (g —p)(L—a)+ (1 —pp) (L—p) —p— (1—p)?,
= o — piy (pho — ) piy — (b — p) (1 — 1) —
= (po—p) (X —=pq) = (po —p) (1 — ),
= (po—p) (=),
> 0.

Hence, the finer mechanism (By, Bs, B3) treats each type of player 2 at least as
good as the mechanism (41, A;). In addition, the weak types of player 2 are better
of in the finer mechanism.

In sum, if the types are uniformly distributed over the interval [0, 1], then re-
fining a truth revealing one-sided screening mechanism (by replacing the threshold
u by the combination of p; and pu,) improves the mechanism: the finer mechanism
remains truth revealing and ex ante all the types of both players weakly prefer
the finer mechanism and some types strictly prefer the finer mechanism. The final
section of this chapter further develops this idea. B

11



3. ESCALATION GAMES AND HERRINGBONE MECHANISMS

This section reinterprets a sequential escalation game in terms of mechanism
design. Apparently a sequential escalation game generates a mechanism with a
special rectangular mechanism, which we will coin “a herringbone mechanism". A
herringbone mechanism is a two-sided screening mechanism. We close this section
by investigating escalation games with a small number of stages and their corre-
sponding herringbone mechanisms.

Let us recall that an escalation game is a quadruple I' = (n,b,r, F'), with
n > 2 the number of stages, b in {1,2} the player with the move at stage 1,
r=(ry,re,...,r,=1) in [0, 1]" the disagreement probabilities, and F = (F, F5)
a couple of continuous distribution functions the supports of which are closed in-
tervals (subsets of [0,1]). Furthermore, we have shown that each perfect Bayesian
equilibrium is described through a sequence ki, k3, k% ..., k¥ = kg (with s < n) of
critical risk limits. At stage ¢ type k of the player with the move escalates if k& >
k; and submits if k£ < k.

The submission of player 7 in stage t should be interpreted as a report (k;, k;)
with k; < kf and k; > k;j_;. We present such an equilibrium (i.e. such a sequence
of critical risk limits) as a two-sided-screening mechanism. We assume that player
1 is at the move at stage 1. We start the discussion with a particular example. A
general definition follows.

Consider an equilibrium (k7,. .., k). In the first stage player 1 reveals his risk
limit against k7. If the game continues to stage 2, then player 2 reveals his position
against k3. And so forth, if the game reaches stage 3, then player 1 reveals his
position against k3, ... The mechanism screens alternately players 1 and 2. It is a
two-sided screening mechanism. In this example the escalation game partitions the
square K7 X Ky into six sets: Aj, As, ..., Ag (see Figure 10).

ky
k
Ag As

Kk,
A, A,

K,

Ay A,
Ky
Ky ks ks’ Ky

Figure 10

The selection map d is not presented in the figure. The outcome in a certain
rectangle coincides with the outcome proposed by the escalation game in case the

12



game ends in that particular rectangle. As such, we have
d(Al) = (0, 0, 1), d(Ag) = (7‘1, 1—7“1, 0), d(Ag) = (’I“g, 0, 1—7“2), ceey d(A@) = (7“5, 1—7“5, 0)

In order to obtain a truth revealing mechanism, the selection map should satisfy
the conditions of Proposition 5.1. This imposes restrictions upon the escalation
game.

Finally, observe the zigzag pattern of the solid lines within the square K7 x K.
This zigzag pattern resembles the pattern of a herring’s bones. This clarifies the
term ‘herringbone mechanism’.

Let us now proceed the other way around and indicate that each herringbone
mechanism generates an escalation game. Suppose the herringbone mechanism
(A1, Asg, ..., Ag) is given. Let player 1 first consider A; versus not-A;. In case
A; is selected, we say that player 1 submits and the game ends by selecting the
alternative most preferred by player 2. In case ¢ not-A;’ is selected, we say that
player 1 escalates. Then, the rectangle A; is removed from the partition and player 2
considers (within the area ‘ not-A;’) the rectangle As versus not-As. In case player
2 submits (the report belongs to As), then the outcome is a weighted random
selection between the disagreement outcome and the outcome most preferred by
player 1. In case player 2 escalates, then the rectangle A also is removed from the
partition and player 1 has the move. And so forth.

Take notice of a typicality of herringbone mechanisms: during the subsequent
removals of the rectangles Aq, Ao, ..., the remaining pattern continues to resemble
the zigzag pattern of a herring’s bones.

We now formulate the definition of a herringbone mechanism.

Definition 3: Let (p,d) be a rectangular mechanism based upon the following
partitioning of the intervals K; and K :

Ii,l = [Ew/j’i,l]’ Ii,2 :]N‘i,laui,ﬂ? ceey Ii,m :]N’i,ni—hp‘i,ni] with Him; = Ei?
Lin = [Ep:uj,l]v Lo :]:uj,h//’jﬂ]: R :]:uj,njfhlu’j,nj] with Hjmn,; = kj.

Then, (p,d) is said to be a herringbone mechanism if the selection function d
satisfies

o d(I;1 x I) with k > 1 does not depend upon k and gives a zero weight to
Wi,

o d(I; x Ij1) with k > 2 does not depend upon k and gives a zero weight to
wj,

o d(I; 2 x 1) with k > 2 does not depend upon k and gives a zero weight to
Wi,

o d(I;; x Ij2) with k > 3 does not depend upon k and gives a zero weight to
Wy,

e and so forth.

In the assumption that the disagreement outcome wg is never selected with
probability 1 ( dg < 1), a herringbone mechanism can be recognized as follows.
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Also assume that the k;- axis is drawn horizontally and the k;-axis vertically. If in a
certain rectangle R = I; 1 X I}, the outcome w; is never selected (d; (R) = 0), then
also in the rectangles above R we have d; = 0. Similar for player j. If d; (R) = 0,
then also in the rectangles at the right of R we have d; = 0. Note that we do not
demand that a herringbone mechanism is truth revealing.

Let us recall and modify the previous figure.

K
Ag As

Mo

A, A,
My

Ay A,
— ki
Hiy Mz Mz Kk
Figure 11

The interval Kj; is broken up into four parts, the breaking points are p, 1, y1; » and
pi,3- The interval K is broken up into three parts, the breaking points are y; 1, i; 5
and p; 5. The three rectangles [; 1 x I, with k = 1,2, 3 have the same outcome and
are glued together. Also the three rectangles (I, x I;1) with k = 2,3,4 have the
same outcome and are glued together. And so forth. The dotted lines (...) reflect
the rectangular mechanism before certain areas were glued together.

We close this section by presenting a truth revealing herringbone mechanism in
which each player is screened only once. Figure 12 represents this mechanism.

k2
k
A1 A3
(B.0,1-B)
Hp
A2
0.0.1 (o, 1-0,0)
k
Hy E !
Figure 12
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The thresholds are denoted by p; and p,. In each area the column vector
summarizes the selection map. As we want the herringbone mechanism to be truth
revealing, the values of « and 8 depend upon p; and py. The intersection condition
in Proposition 5.1 generates the linear system:

{ 1 —py = Ev [1—do(py, k2) — dapey, k2)py)
8= (1) (1 ).

Elaborating the expectations (over the types of player 2) in the first equation
leads to

L= = 1=F(p)a—(1-=F () - (1= F () (1 =B5)wm,
= F(p)(I-a)+ (1= F(pp)) (1=F5) (1= p).

A further simplification results in:

L ()R
MEIT T R 0 B ()

Hence, for a given couple (pq, i15) the designer should solve these two equations
for the disagreement probabilities o and 3. Note that the final equation implies
B > a: the higher the announced risk limit (in a truth revealing mechanism) the
higher the disagreement probability.

1-8 f—-«a

l-a 1-a

and p, =1-— (2)

4. INCENTIVE EFFICIENCY

In this final section we investigate whether the designer can Pareto improve a
truth revealing herringbone mechanism. Does there exist a truth revealing mech-
anism that Pareto dominates a truth revealing herringbone mechanism (i.e. ex
ante player ¢ and player j both prefer this dominating mechanism) ? In the con-
text of mechanism design the term “incentive efficiency" is used to refer to this
Pareto-property. We start with a formal definition.

Definition 4: Let M = (p,d) be a truth revealing mechanism. Then M is said
to be incentive efficient if there does not exist a truth revealing mechanism M' =
(¢',d") such that (i) for each player i = 1,2 and for each type k; in K; we have
U, (d' | k) > U; (d| k;); and (i3) for at least one player i and one type k; of this
player we have U; (d' | k;) > U; (d | k;).

Checking whether or not a mechanism is incentive efficient is far from trivial.
Either one has to find a Pareto superior mechanism or, even worse, one has to
prove that such a Pareto superior mechanism does not exist. Let us investigate the
incentive efficiency of truth revealing herringbone mechanisms with a small number
of reports.

The trivial herringbone mechanism (K7 x Ky; d = (0,1,0) ) consists out of the
full rectangle and selects the outcome most preferred by player 1. This mechanism
coincides with the dictatorship of player 1 and is incentive efficient. Each finer
mechanism definitely hurts some types of player 1.

On the other hand, herringbone mechanisms with two rectangles are not incen-
tive compatible. Indeed, such a mechanism coincides with one-sided screening (with
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one threshold). In Example 5.4, we already have shown that one-sided screening is
not incentive efficient: a finer screening never hurts a player and some types will
benefit. Notice that a one-sided screening mechanism with two or more thresholds
is not a herringbone mechanism.

Finally, we consider truth revealing herringbone mechanisms in which each
player is screened only once. We will show that such a mechanism satisfies a re-
stricted version of incentive efficiency: refinements of a certain type do not Pareto
improve the mechanism. As a matter of fact we will only check for refinements
that involve one more threshold for one of the players. We provide illustration in
Figures 13,14 and 15:

k2 k2 k2
1 1
A, A, B, B, Ci| C C,
(1z1-41,0) "
BS
W Ho— Mo
oo | Ao ,
(0,1,0) He B.
AK A c,
(O 1Ko N T AT T
My
Figure 13 Figure 14 Figure 15

The move from the mechanism A = ({A;, A3, As};d) to B = ({By, Be, B3, B4} ;d')
involves the replacement of the threshold u, by a pair of thresholds (b, 13) sat-
isfying ph < py < py. In order to end up with a truth revealing mechanism, the
threshold against which player 1 is screened decreases (p) < p;).

The move from A to the mechanism C' = ({Cy,Cs,C3,Cy};d’) only involves
the replacement of the threshold p; by a pair of thresholds (uf,u}) satisfying
py < gy < pf

As already announced, we will check the existence of a mechanism B or C that
is Pareto superior to A. Again, we suppose that the types of both players are
uniformly distributed over the closed interval [0, 1].

Consider mechanism A. The expected payoffs U; = E; [1 — do(ks, kj) — d;j(ki, k;)k;]
reduce to

1—k ifl'flg,ul
k U, = . ’
L {N2+(1_N2)(1_M2)(1_k1) if ki > py,
py+ (1= pg) (1= k) if ky < iy,
k Uy = .
2 {M1+(1_M1)(1_N2) if Ky > puy.

The intersection property is satisfied for player 2. Type ps4 is indifferent between
reporting ko < py and reporting ka > py. For player 1 we impose the type p; to
be indifferent
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between the two reports. This results in the condition
L —py
2 — py
Mechanism A is truth revealing as soon this relationship between p; and pu,
holds. Note that the above condition coincides with expression (2) with & = 0 and

Fy (pg) = po-

1‘#12112‘1‘(1_#2)2(1—#1)7 or My =

Consider mechanism B. The selection function satisfies d' (B;) = d(A4;),
d' (B2) =d(As), and d' (By) = d (As). For the area B3 we put d'(Bs) = (a, 3, 7).
The intersection property determines the values of «, 8, and ~ as following
{ py+ (1= py) (1= py) =1—a—Buj,
pr+ (=) (L= pg) =1—a—Bus.

We solve for a and 3, and obtain

oy (1 — ) (g — o) g (Lmp) (s =)
1y — ’ 1y —
Let us investigate whether there is a Pareto improvement for player 2. The
expected payoff of player 2 in mechanism B is described by the map

py+ (1= py) (1 — ko) if ko < puh,
ko= Up=q p+ 1 —py) (I —a—Bka)  if py <ka < pj,
1+ (1= ph) (1= p) if kg > .

Observe that for the types ko < p, the utility map Uj = pf + (1 — uf) (1 — ko)
lies below the utility map Us = pq + (1 — pq) (1 — ko). Hence, the types ko < ),
are worse off in mechanism B in comparison to mechanism A.

Let us investigate the effect on the types py < ko < pf. Because ph < py < pi,
it is sufficient to check whether UJ > Us holds for the type ko = p,

If k3 = po, then

Up—=Us = py+ (1 —p)) (1= —=Bug) —py — (1= pg) (1= pin),
= ) (i (1) (A e e i) ),

— () Euz (s = p) = (g = i) (L = 1)) = (1 = p13) (3 — o) ué)
(
(

My — ’
_ a- fo (B3 — po) + p3 (o — p5)) — (1 — ) (s — m)ué)
- :ul) 1 / )
Mo — Ho

L—p
= - 1,) (1 — pg) (pg — 1) + p iy + propr (pg — 15))

=

2 2
> 0.

For the types ko > p4.the difference between Uj and Us is equal to

Uy=Us = py+(1—pp) (L= pig) =g — (1= pq) (1 = pao),
= = =)+ (1= pg) (g — 1),
= — (1 — ) po,
< 0.

17



Result: The types p) < ko < pf gain, but the types k2 < pf and ko > pf lose.
Hence, the move from mechanism A to B can not benefit some types of player 2
without hurting the other types. Our objective is to examine whether the move
from the mechanism A to B yields Pareto improvement. Hence, it is not necessary
to investigate the effect on player 1.

Finally, consider mechanism C. The restriction of d’ to the areas C7, C3, and Cy
coincide with the selection function d of mechanism A: d' (Cy) =d (4;1), d (Cs3) =
d(Ay), and d' (C4) = d(A3). For the remaining area we put d'(C2) = (a, 3,7).
Let us examine the effect that the move from mechanism A to C' has on the utility
level of player 1.

The expected payoff for player 1 from the mechanism C' is described by the map

1—Fk if ky < ph,s
ki— U, = 1—a—9k if pf <k <pf,
po + (1= po) (1= po) (1 — k1) if by > pf.
As it is illustrated in Figure 16, the types k1 < pf and ky > uf receive the same
payoff, and the types p} < k1 < pf benefit.

U,

1
1-a &
U'LS
B \ Uv1.2

U'H k
, I .
0w Wy 1 !
My

Figure 16

Now, let us examine the effect on player 2. The expected payoff of player 2 from
the mechanism C' is described by the map

[ ) —aBr) (L) (1= k) ik < g
e 4 (] = ph) (1= o= Bha) + (1= pf) (1= py) if ko > puy.

The intersection condition yields the values of («, 3,7) as following:

oy (1 el ) ) __Mpm—m)
“ “1< (= ph) (1 = pq) L (pf —py) (1= py)

_ Moy — ) y
v = C uqﬂma—mﬁu )
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First let us examine the effect on the types ka < py. Observe that the utility
map Us intersects the utility map Uj at ko = p,. Hence, it is sufficient to examine
the difference between Uy and Uy, for the type ko = 0.

If ks = 0, then
Up—Uy = py+ (1 —py) = (ph + (uf —ph) A=) + (1 — 7)),
= 1= (py + () —py) (1 =) + (1= py)),
= 1—((w —p)(1—-a-1)+1),
= o —m),
/

S R U3 Iy ) ) "y

4 (1 G ) 04—
> 0.

Hence, the types ka2 < u, are worse off.
Now, let us examine the effect on the types k2 > p5. The intersection condition
yields

py (L= ) (L= pig) = ph + (' = p3) (1= v = Bpag) + (1 = pf) (1 = pio) -
Hence, the difference between U and Uy for the types ko > o is equal to

Uy — Uy pr (= pg) (L= po) = py — (0 = )y — (L= ) (1 = pa)
= (u —py) (L= —Buy —7),
= (pf =) B —po),
fo (1 — 1) (1 — pp)
(1= pq) ’

> 0.

Hence, the move from mechanism A to the mechanism C' hurts each type of
player 2.

We have shown that if types are uniformly distributed over the interval [0, 1],
then refining a truth revealing herringbone mechanism (in which each player is
screened once) does not improve the mechanism: (i) further screening of player
1 benefits some types of player 1, but hurts each type of player 2. (ii) further
screening of player 2 benefits some types of player 2, but hurts other types of player
2. In conclusion, there does not exist a finer mechanism that is Pareto superior to
AN

5. FINAL REMARKS

The main contribution of this chapter is to show that playing escalation game
can possibly an efficient way to resolve the conflict. This is shown by following three
steps. In first step we characterize the mechanism that is incentive compatible. In
second step, we show that the escalation game is an incentive compatible mecha-
nism with two-sided screening. In final step, we show that if types are uniformly
distributed, then there is no other incentive compatible mechanism that Pareto
improves the payoffs of some types by adding additional reports to each player.
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