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Abstract

We establish the precise connections betweenprogressive taxationand inequality re-
duction, in a setting where the level of tax revenue to be raised is exogenously fixed and
tax schemes are balanced. We show that, in contrast with the traditional literature on
taxation, the equivalence betweeninequality reductionand the combination ofprogres-
sivity andincome order preservationdoes not always hold in this setting. However, we
show that, among rules satisfyingconsistencyand, eitherrevenue continuity, or revenue
monotonicity, the equivalence remains intact.
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1 Introduction

Progressivityrequires that a taxpayer with a higher income should pay at least as much rate
of tax as a taxpayer with a lower income.Inequality reductionrequires that “income inequal-
ity” should be reduced after taxation.1 It has long been perceived in the literature of taxation
that the two principles are closely related (see, for instance, Musgrave and Thin, 1948; Fell-
man, 1976; and Kakwani, 1977). Jakobsson (1976) was the first to notice that this relation
could be stated as an equivalence, provided tax functions preserve the order of incomes. The
equivalence was formally proven later by Eichhorn et al. (1984) and Thon (1987).

In that literature, the two principles are defined as properties of a tax function, a real-
valued function associating with any level of income a tax amount. This function determines
the tax payment for any taxpayer in any income distribution. Thus, tax payments for any
group of taxpayers depend only on their own taxable incomes, and not on others’. This
imbedded property of taxation is referred to asconsistency. In addition, the model has no
consideration for government budget balance. These two features turn out to be essential for
the above-mentioned equivalence, as we shall show later in this paper.

We investigate the two principles in a different but related model of taxation introduced
by O’Neill (1982) and Young (1987, 1988).2 In this model, a taxation problem is identified
by a profile of incomes and an amount of tax revenue to be raised. A (tax)rule associates
with each problem a profile of tax amounts whose sum equals the given tax revenue. There
is no imbedded property ofconsistencyin this definition of rules. On the other hand, rules
must obey the constraint of budget balance. Thus, this model departs from the earlier model
in these two important features.

We show that in this model the above logical equivalence no longer holds. In fact,in-
equality reductionimplies neitherprogressivitynor income order preservation, as shown by
our Examples 1 and 2. However, our main result shows that, among the rules satisfying
the property ofconsistencyand the standard property known asrevenue continuity(small
changes in the tax revenue do not produce a jump in tax schedules), the equivalence remains
intact. The role of revenue continuity in this result can also be played by the solidarity
property known asrevenue monotonicity(when the tax revenue increases, no one pays less).

2 Model and basic concepts

We study taxation problems in a variable-population model. The set of potential taxpayers,
or agents, is identified by the set of natural numbersN. Let N be the set of finite subsets of
N, with generic elementN. For eachi ∈N, letyi ∈R+ bei’s (taxable)incomeandy≡ (yi)i∈N

the income profile. A (taxation)problemis a triple consisting of a populationN ∈ N , an
income profiley∈ RN

+, and a tax revenueT ∈ R+ such that∑i∈N yi ≥ T. Let Y ≡ ∑i∈N yi .
Let DN be the set of taxation problems with populationN andD ≡ ∪N∈N DN.

1This requirement is based on the inequality comparison known as the Lorenz dominance relation.
2See Moulin (2002) and Thomson (2003, 2006) for extensive treatments of this model and some other

related allocation problems.
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Given a problem(N,y,T) ∈ D , a tax profile is a vectorx ∈ RN satisfying the follow-
ing two conditions: (i) for eachi ∈ N, 0≤ xi ≤ yi and (ii) ∑i∈N xi = T.3 We refer to (i)
as boundednessand (ii) asbalancedness.4 A (taxation) rule on D , R: D → ∪N∈N RN,
associates with each problem(N,y,T) ∈ D a tax profileR(N,y,T). We refer readers to
Young (1987, 1988) for definitions of various taxation rules. A well-known example is the
so-calledleveling taxL : D →∪N∈N RN that makes post-tax incomes as equal as possible,
provided no agent ends up being subsidized (i.e., paying a negative tax). Formally, for each
(N,y,T) ∈D and eachi ∈N, Li(N,y,T)≡max{yi−1/λ ,0}, whereλ ∈R+∪{+∞} is such
that∑i∈N max{yi−1/λ ,0}= T.

We now define our two main axioms of taxation.
Progressivitypostulates that, for any pair of agents, the one with higher income should

face a tax rate at least as high as the rate the other faces.

Progressivity. For each(N,y,T) ∈ D and eachi, j ∈ N, if 0 < yi ≤ y j , Ri(N,y,T)/yi ≤
Rj(N,y,T)/y j .

Our second axiom says that “income inequality” should be reduced after taxation. This
axiom is based on the following basic income inequality comparison. For each population
N≡ {1, . . . ,n} and each pair of income profilesy,y′ ∈RN

+, y Lorenz dominatesy′ if, for each
k = 1, . . . ,n−1, the proportion of the sum of thek lowest incomes to the total income aty
is greater than, or equal to, the same proportion aty′: that is, wheny1≤ y2≤ .......≤ yn and
y′1≤ y′2≤ ...≤ y′n, for eachk = 1, ...,n−1, ∑k

i=1yi/∑n
i=1yi ≥ ∑k

i=1y′i/∑n
i=1y′i .

Inequality reduction. For each(N,y,T) ∈ D , the post-tax income profiley−R(N,y,T)
Lorenz dominates the pre-tax income profiley.

We will investigate logical relations between the two axioms, invoking in the process
some of the following standard axioms.5

The first axiom requires that post-tax incomes be in the order of pre-tax incomes.

Income order preservation. For each(N,y,T) ∈ D and each pairi, j ∈ N, if yi ≥ y j , yi −
Ri (N,y,T)≥ y j −Rj (N,y,T).

The next axiom requires that the way any group of taxpayers split their total tax contri-
bution depends only on their own taxable incomes.

Consistency.For each(N,y,T) ∈D , eachM ⊂ N, and eachi ∈M, Ri(M,yM,∑i∈M xi) = xi ,

where(xi)i∈N ≡ R(N,y,T) andyM ≡ (yi)i∈M.

The next axiom says that small changes in revenue should not produce a jump in tax
schedules.

Revenue continuity.For eachN ∈N , eachy∈RN
+, each sequence{Tn : n∈N} in R+ and

eachT ∈ R+, if Tn converges toT, thenR(N,y,Tn) converges toR(N,y,T).

3Throughout the paper, for eachN ∈N , eachM ⊆ N, and eachz∈ RN, let zM ≡ (zi)i∈M.
4Note thatboundednessimplies that each agent with zero income pays zero tax.
5We refer readers to Thomson (2003, 2006) for detailed discussions on these axioms.
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Our final axiom says that no one pays less when the tax revenue increases.

Revenue monotonicity.For each(N,y,T) ∈D and eachT ′ ≥ T, R(N,y,T ′) = R(N,y,T).

3 Results

As in the literature on tax functions mentioned in the introduction, the combination ofpro-
gressivityandincome order preservationimplies inequality reduction. Essentially, the same
proof of Eichhorn et al. (1984) works, which will be provided for completeness in the appen-
dix. Our next examples show, however, thatinequality reductionimplies neitherprogressiv-
ity nor income order preservation.

Example 1. We construct a tax profile that reduces inequality but that is not progressive.
The idea is that when there is too high a gap between the richest and the others, we impose a
very large tax burden on the richest and a low and equal burden on all others. Consider
y ≡ (2,3,15) and T ≡ 10. Let ε be a number such that0 < ε ≤ 1. Let (ε,ε,10− 2ε)
be the tax profile for this problem. Then the post-tax income profile is given by(2−
ε,3− ε,5+2ε). Note that bothincome-order preservationandtax-order preservation(i.e.,
rules do not impose lower tax burdens for agents with higher incomes) are satisfied. Since
(2/20,5/20,20/20)≤ ((2−ε)/10,(5−2ε)/10,10/10), the post-tax income profile Lorenz
dominatesy. Thus, the tax profile satisfiesinequality reduction. However, the tax rate of
agent1, ε/2, is higher than the tax rate of agent2, ε/3, thus violatingprogressivity. There-
fore, any rule that takes this tax profile as its value at the above problem and that continues
to satisfy inequality reduction, at any other problem, will suffice to show thatinequality
reductiondoes not implyprogressivity.6

Example 2. We define a rule that reduces inequality but violatesincome order preservation.
The idea is similar to the previous example. We impose a very large tax burden on the richest
agent and no burden at all on other agents, when tax revenue is within a fixed range. LetN≡
{1,2, . . . ,n}. For each(N,y,T)∈D , let T̄ ≡min

{
yσ(n)−yσ(n−2),Y(yσ(n)−yσ(n−1))/yσ(n)

}
,

whereY = ∑yi andσ : N → N is a permutation such thatyσ(1) ≤ yσ(2) ≤ ·· · ≤ yσ(n). Let
Tm≡min{T, T̄} and

R(N,y,T)≡ Tmeσ(n) +L(N,y−Tmeσ(n),T−Tm),

whereL denotes the leveling tax andeσ(n) denotes the unit vector with1 in theσ (n)-th com-
ponent.7 We show in the appendix thatR satisfiesinequality reduction(as well asrevenue
continuityandrevenue monotonicity) but violatesincome order preservation.8

6For example, when there is a group of agents whose incomes are sufficiently lower than those of the other
agents, we defineR(·) as in the example by choosingε sufficiently close to zero. For other problems we set the
value ofR(·) at the tax profile provided by theleveling tax, which satisfiesinequality reductionas well as the
two order preservation axioms.

7Note that, whenyσ(n) = yσ(n−1), T̄ = 0 andR(N,y,T) = L(N,y,T). Thus, the definition does not depend
on the choice ofσ and thereforeR(·) is well-defined.

8One can find an easier example to show thatinequality reductiondoes not implyincome order preservation.
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To recover the equivalence betweeninequality reductionandprogressivityin our model,
it suffices to impose two additional but standard axioms:consistencyandrevenue continuity
(or revenue monotonicity).

Proposition 1. The following statements hold:
(i) Progressivity and income order preservation together imply inequality reduction.
(ii) Inequality reduction and consistency together imply progressivity.
(iii) Inequality reduction, together with consistency and revenue continuity(or revenue monotonic-
ity), implies income order preservation.

The proof of the proposition appears in the appendix.
To show thatincome order preservationis essential for part (i), consider the ruleR∗ that

starts collecting taxes only from the taxpayers with the highest income and continues doing
so until their incomes are exhausted or the whole tax revenue is collected, whichever comes
first. If there is more to be collected, the rule moves on to the next highest income, and this
process continues until the total revenue is fully collected. This rule clearly violatesincome
order preservation. It is progressivebut not inequality reducing. The head tax(i.e., the
rule that imposes an equal tax to all agents, subject to the constraint that nobody pays more
than her income) satisfiesincome order preservationbut not inequality reduction. Thus
progressivityis also essential for part (i). Similarly, Example 1 shows thatconsistencyis
essential for part (ii) and also that addingincome order preservationto inequality reduction
is not sufficient to getprogressivity. The head tax is also a valid example to show that
inequality reductionis essential for part (ii). Finally, for part (iii), ruleR∗ defined above also
shows thatinequality reductionis essential. Example 2 shows thatconsistencyis essential.
A more pathological counterexample is required to show thatrevenue continuity(or revenue
monotonicity) is essential.

Remark 1. Consistencycan be replaced in the statement of Proposition 1 bybilateral con-
sistency, which is the weaker property obtained by considering only subgroups of two agents,
i.e., by adding the provisoM = 2, in the definition ofconsistency.

The next result follows directly from Proposition 1.

Corollary 1. For consistent and revenue-continuous(or revenue-monotonic) rules, the com-
bination of progressivity and income order preservation is equivalent to inequality reduction.

A Proofs

Proof of Proposition 1. (i) Let Rbe a rule satisfyingprogressivityandincome order preser-
vation. Let (N,y,T) ∈ D . Assume, without loss of generality, that0 < y1 ≤ y2 ≤ ·· · ≤ yn.

Our more sophisticated example, however, is also meant to show that addingrevenue continuityor revenue
monotonicityis not sufficient to get the implication.
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Let x≡ R(N,y,T). Then, byprogressivity,

x1

y1
≤ x2

y2
≤ ·· · ≤ xn

yn
. (1)

Let k ∈ {1, ...,n− 1}. By (1), xiy j ≤ x jyi , for all i = 1, ...,k and j = k+ 1, ...,n. Thus,

∑k
i=1xi ∑n

j=k+1y j ≤ ∑n
j=k+1x j ∑k

i=1yi . Equivalently,∑k
i=1xi ∑n

j=1y j ≤ ∑n
j=1x j ∑k

i=1yi , which
says that

n

∑
i=1

yi

k

∑
i=1

(yi−xi)≥
k

∑
i=1

yi

n

∑
i=1

(yi−xi) . (2)

By income order preservation, the post-tax income profile(yi−xi)i∈N preserves the order
of the pre-tax income profiley. Thus, (2) shows that the post-tax income profile Lorenz
dominates the pre-tax income profile.

(ii) Let R be a rule satisfyinginequality reductionandconsistency. Suppose, by contra-
diction, thatR is not progressive. Then, there exist(N,y,T) ∈ D and i, j ∈ N, such that

0 < yi ≤ y j andRi(N,y,T)/yi > Rj(N,y,T)/y j . Let ai ≡ 1− Ri(N,y,T)
yi

anda j ≡ 1− Rj (N,y,T)
y j

.
Then,ai < a j , and therefore,

yi

yi +y j
>

aiyi

aiyi +a jy j
≥ min{aiyi ,a jy j}

aiyi +a jy j
. (3)

Let T ′ ≡ Ri (N,y,T) + Rj (N,y,T). Consider({i, j},(yi ,y j),T ′) ∈ D . By consistency,
Rk

({i, j},(yi ,y j),T ′
)
= Rk (N,y,T) for eachk= i, j, and therefore,yk−Rk

({i, j},(yi ,y j),T ′
)
=

akyk for eachk = i, j. Thus, (3) contradictsinequality reduction.
(iii) Let R be a rule satisfyingconsistency, revenue continuityand inequality reduction

(the same argument applies whenrevenue continuityis replaced byrevenue monotonic-
ity). Then, by the second statement,R satisfiesprogressivityand thereforeequal treatment
of equals, i.e., agents with the same income face the same tax burden. By Lemma 1 in
Young (1987),R also satisfiesrevenue monotonicity. Suppose, by contradiction, thatR vio-
latesincome order preservation. Then, there exist(N,y,T)∈D andi, j ∈N such thatyi < y j

and yi − xi > y j − x j , wherex ≡ R(N,y,T). By consistency, R
({i, j},(yi ,y j),xi +x j

)
=

(xi ,x j). Let n∈ N be such that

n−1 >
(y j −x j)(y j −yi)

yi(yi−xi−y j +x j)
. (4)

Consider the resulting problem(N′,y′,T ′) ∈D after introducingn−1 clones of agenti and
increasing the tax burden in(n−1)xi units. Formally,N′ = {i, j}∪M such that|M|= n−1,
M ∩N = /0, y′j = y j , y′k = yi for eachk ∈ M ∪ {i}, and T ′ = nxi + x j . By equal treat-
ment of equals, there exista,b∈ R+ such that for eachk ∈ M∪{i}, Rk (N′,y′,T ′) = a and
Rj(N′,y′,T ′) = b. We distinguish two cases.
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Case 1.a+b 6= xi +x j . Whena+b > xi +x j , by consistencyandrevenue monotonicity,

R
({i, j},(yi ,y j),a+b

)
= R({i, j},(y′i,y′j),a+b)= (a,b)≥ (

xi ,x j
)
= R

({i, j},(yi ,y j),xi +x j
)
.

Thenna+ b > nxi + x j = T ′, contradictingbalancedness. Whena+ b < xi + x j , the same
argument as above applies, reversing the direction of the inequalities.

Case 2.a+ b = xi + x j . In this case, sincena+ b = nxi + x j , it follows thata = xi and
b = x j . Therefore,

Rk
(
N′,y′,T ′

)
=

{
xi if k∈M∪{i}
x j if k = j

Thus, byinequality reduction,

yi

y j +nyi
=

mink∈N′{y′k}
∑k∈N′ y

′
k

≤ mink∈N′{y′k−Rk (N′,y′,T ′)}
∑k∈N′(y′k−Rk (N′,y′,T ′)

=
y j −x j

(y j −x j)+n(yi−xi)
,

which implies that

n≤ (y j −x j)(y j −yi)
yi(yi−xi−y j +x j)

,

contradicting (4).

Proof of Example 2. To show thatR(·) violatesincome order preservation, consider(N,y,T)≡
({1,2,3},(1,3,4) ,2). ThenR(N,y,T) = (0,0,2) and the post-tax income profile is(1,3,2),
where the order of incomes of agents2 and3 is reversed.

To show thatR(·) satisfiesinequality reduction, let N ≡ {1, . . .n} and (N,y,T) ∈ D

be such thaty1 ≤ y2 ≤ ·· · ≤ yn. Then, T̄ ≡ min{yn−yn−2,Y(yn−yn−1)/yn}. Let Tm ≡
min{T, T̄}. ThenR(N,y,T)≡Tmen+L(N,y−Tmen,T−Tm). Let y∗≡ y−R(N,y,T) be the
post-tax income profile. Letσ : N → N be the permutation for which the post-tax incomes
are increasingly ordered, i.e.,y∗σ(1) ≤ y∗σ(2) ≤ ·· · ≤ y∗σ(n). Let y′ ≡ y−Tmen, T ′ = T−Tm

andY′ = Y−Tm. Sinceyn−2 ≤ yn− T̄ andL(·) satisfiesincome order preservation, then
y∗1≤ ·· · ≤ y∗n−2≤ y∗n. Hence for eachi ≤ n−2, σ (i) = i. We now distinguish two cases.

Case 1.Tm≤ yn−yn−1. In this case,σ (i) = i for all i ∈ N.9 Then, for eachk≤ n−1,

∑k
i=1(yσ(i)−Rσ(i)(N,y,T))

Y−T
= ∑k

i=1(yi−Ri(N,y,T))
Y−T

= ∑k
i=1(y

′
i−Li(N,y′,T ′))
Y′−T ′

≥ ∑k
i=1y′i
Y′

= ∑k
i=1yi

Y−Tm ≥
∑k

i=1yi

Y
,

where the first inequality holds by the inequality reduction property ofL(·).
Case 2. Tm > yn− yn−1. In this case,σ (i) = i for eachi ≤ n−2, σ (n−1) = n, and

9If Tm≤ yn− yn−1, theny′n−1 = yn−1 ≤ yn−Tm = y′n. SinceL(·) preserves the order of incomes,y′n−1−
Ln−1(N,y′,T ′) ≤ y′n−Ln(N,y′,T ′), that is,y∗n−1 = yn−1−Ln−1 (N,y′,T ′) ≤ yn−Tm−Ln(N,y′,T ′) = y∗n. So
y∗n−1 ≤ y∗n, which meansσ(n−1) = n−1 andσ (n) = n.
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σ (n) = n−1.10 For eachk≤ n−2, and by the same reasoning as in Case 1, we have

∑k
i=1(yσ(i)−Rσ(i)(N,y,T))

Y−T
≥ ∑k

i=1yi

Y
,

Now, for k = n−1,

∑n−1
i=1 (yσ(i)−Rσ(i)(N,y,T))

Y−T
=

∑n−2
i=1 (yi−Ri(N,y,T))+yn−Rn(N,y,T)

Y−T

=
∑n−2

i=1 (y′i−Li(N,y′,T ′))+yn− (Tm+Ln(N,y′,T ′))
Y−T

=
∑n−2

i=1 (y′i−Li(N,y′,T ′))+y′n−Ln(N,y′,T ′)
Y′−T ′

≥ ∑n−2
i=1 y′i +y′n

Y′
=

∑n−2
i=1 yi +yn−Tm

Y−Tm = 1− yn−1

Y−Tm

≥ 1− yn

Y
=

∑n−1
i=1 yi

Y
,

where the first inequality holds by the inequality reduction property ofL(·) and the second
inequality holds thanks to the fact thatTm≤ T̄ ≤ Y(yn−yn−1)

yn
.
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