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Abstract 

A nondurable producer good that incurs no interest cost, which implies the 

instantaneous period of production, is a feature of many important models. We 

investigate various issues arising from this feature: counting the uncountably infinite 

(pace Cantor), modeling time as two infinitely distant instants (pace Newton), and 

accommodating no sequence of production (pro Zeno). These issues are all related to 

the property of real numbers, to which the instantaneous period of production inevitably 

leads. It is concluded that the current accounting practice based on the instantaneous 

period of production should be revised. 
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On the instantaneous life of a nondurable input: 

a reflection in light of Cantor, Newton and Zeno 

 

 

Capital can consist of intermediate goods, which are used only once in some 

productive process, but interest rates and time preference are not directly 

relevant for such goods. Most interest (no pun intended) in capital goods 

focuses on those goods that last over several or many time periods. (Silberberg 

and Suen, 2001, p. 387) 

 

Many important models casually use, in the setting of continuous time, the following 

type of the national accounting identity:1 

(1) , n n d dY wL p K rp K= + +

where Y = output, L = labor, Kn = nondurable input,2 Kd = (ever-lasting) durable input, 

w = wage rate, r = rate of interest, pn = supply price of the nondurable input, and pd = 

supply price of the durable input. The feature that attracts our critical attention is that 

the user cost of the nondurable input does not, whereas that of the durable input does, 

involve the rate of interest. 

 The present paper will argue that the feature just referred to is the result of 

applying two different, incompatible, methods in deriving the user cost of the respective 

types of inputs. Section 1 reviews the usual economics of revenue discounting, through 

which the user cost of an input is calculated, in the setting of continuous discounting. 

The main purpose of the review is to clarify some points that are taken for granted but 

merit detailed remarks. Section 2 scrutinizes and, in fact, warrants a justification given 
                                                 
1 The models we have in mind as directly relevant are the horizontal innovation model 

of Barro and Sala-i-Martin (2004), the creative destruction model of Aghion and Hewitt 

(1992), and their numerous variants. Our focus on these models is also due to the fact 

that they have commodities produced by means of produced commodities—the feature 

that we shall prove is in serious conflict with the reasoning that lies behind (1).  
2 An “input” is used here as a short-hand term for a “producer good” or “produced 

means of production.” 
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to the nondurable input incurring no interest: the justification is the theoretical setting 

that the input is used up at an “instant” of time. But hitherto unnoticed are implications 

which this justification has for the durable input used alongside the nondurable input. 

To show that the implications indicate logical unsoundness of the justification, so that 

the current accounting practice, expression (1), should be revised, is the task of the next 

three sections. This will lead us to Georg Cantor’s mathematics of transfinite numbers 

(Section 3), Isaac Newton’s physics of time (Section 4) and Zeno’s paradox alive in the 

economics of discounting (Section 5). The last section concludes. 

 

1. Preliminaries: present value, the unit of time, and the period of production 

We first review the usual economics of revenue discounting.3 The topic, by its nature, 

inevitably involves time. Let t represent an instant in calendar time. Calendar time (the 

set of time coordinates) translates, in an “exact” way (in the sense to be explained 

shortly; see also Section 4 below), the flow of physical time in which physical events 

take place in the universe. A period of time is the elapse of time from one instant t0 to 

another  and is represented by interval  on the (nonnegative half) real 

line. The duration of this period is measured as the Lebesgue measure of the 

corresponding interval: 

0(t t≥ )

                                                

0[ , ]t t

(2) . 
0

0 0( , ) : 1
t

t
t t t t dvτ = τ = − = ∫

Obviously,  is a real number. An instant of time t is the degenerate interval, which has 

the Lebesgue measure of zero. 

τ

 An input, when used in production, generates revenue over time. Revenue is a 

flow to be defined in reference to a unit period of time. Usually the unit period of time, 

the normalization unit of time, is a period which has a certain positive duration in 

calendar time (for example, we may measure revenue yearly or daily; then, a year’s or a 

day’s duration is represented by the unit interval  on the time line). The choice of 

the normalization unit of time is an affair of a model in hand (see below). In fact, no 

substantial difference is made as far as the duration is positive, no matter how small, 

[0,1]

 
3 The presentation below may sound “pedantic” in some places, but a certain amount of 

pedantry is necessary for the clarification of the issues that the present paper deals with. 
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and this is the usual practice (going under the name of “year”). We follow the usual 

practice until the next section. Then, if we express revenue as a function of instants of 

calendar time, , this function must be a step function which assigns a constant 

value to every instant within a given unit period but which may assign a different value 

for a different period. We assume, with no loss of generality, that the revenue ensuing 

from an input is time-invariant:  for all t.  

( )tπ

)

rA e− τπ

( )tπ = π

 If one continuously discounts to the “present” ( ) a revenue corresponding to 

instant , the resulting present value is 

0t

0(t t≥

(3) , 0( )( ) : r t te− −τ = = π

where r is the rate of interest (discount), assumed to be constant over time, and the 

discounting period is  (or, discounting is for the duration of 0[ , ]t t 0t tτ = − ).4 

 The rate of interest r must refer to the same unit period that defines a single 

flow of revenue. This requirement is re-confirmed by the definition of the discount 

factor: 
H

(4)  lim 1r re
H

− τ
− τ ⎛ ⎞≡ +⎜ ⎟

⎝ ⎠H→∞
. 

The unit period, to which r refers, is divided into H smaller intervals; the rate of interest 

applying to each smaller interval is a fraction 1H −  of r. 

 The choice, as the unit period for a model in hand, of a certain period of 

calendar time which has certain duration is not arbitrary in production theory. The unit 
                                                 

( )
0

0( , ) : ( ) exp ( )
t

t
A t t t r v dv= π −∫

( )r t ( )tπ

π

0 ]t t

4 (3) presents the present value as a function of the difference (duration) between the 

two instants involved, not of them separately. This is, of course, the result of assuming 

that a single flow of revenues ( ) and the rate of interest (r) are both time-invariant. If π 

and r both depend on time, one should replace (3) by . 

Even with a positive unit period,  need not be a step function while  must. 

The constant value of  and r may be construed as the average of their respective 

values over the period [ , : 

π

00

1: ( )
t

t
v dv

t t
π = π

− ∫  and 
00

1: ( )
t

t
r r v dv

t t
=

− ∫ , from 

which is derived (3). 
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period to be chosen in relation to production is the unit period of production. The unit 

period of production is the minimum period in which a full round of production is 

completed so that an identifiable batch of output is produced and revenue generated. 

Actually the equality between the unit period and the unit period of production is 

required by the concept of revenue as a flow which is, on the one hand, measured in 

reference to the unit period and, on the other, engendered anew in every period of 

production. 

The unit period of production plays two roles. The first is that just referred to: 

as the normalization unit of time to be used in a model in hand. Important issues related 

to this role are discussed in the following sections. In this section it suffices to take the 

usual assumption that the normalization unit of time is a period of some positive 

duration.  

Another role is that of the (sole) criterion for classifying inputs in accordance 

with their durability. An input that is used up in one unit period of production is labeled 

a nondurable input. The title of a durable input goes to an input that lasts for more than 

one period of production. One may well conceive of an “ever-lasting” durable input, 

which contributes to the generation of revenue for ever.  

 If production requires both nondurable and durable inputs, these inputs (as well 

as other kinds of inputs) must be synchronized: they must be used “side by side” (not 

necessarily simultaneously, but in the sense of being used in the same productive 

process) to complete a round of production through which an identifiable batch of input 

comes into being. The duration of time in which a nondurable input is “used up,” 

alongside a durable input if any, refers to that in which one full round of production is 

completed; hence, the concept of the period of production. The synchronization of 

various inputs is one aspect, among others, that differentiates production from 

consumption. The obtainment of utility from consumption does not require a 

synchronization of nondurable and durable consumer goods. This simple fact makes, as 

will be discussed shortly, a subtle but significant difference in calculating the present 

value of utility and that of revenue. 

 Suppose that an input is installed at instant  (the “present”) and contributes 

to the generation of revenue from that instant until instant 

0t

0(t t≥ ) : the input has the 
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lifetime of duration 0t tτ = − . Suppose also that the unit period of production has the 

duration of . Then, the number of periods of production that the input goes 

through during its lifetime is 

* ( 0)τ >

(5) ( , *) :
*

T T τ
= τ τ =

τ
. 

T must be a positive integer, as far as revenue has been engendered. This is because the 

definition of the period of production is such that once a round of production is 

completed, one period of production has passed, and because the definition of the 

lifetime of an input is such that production is completed for as many times as the 

number of production periods covered during the duration of that lifetime.5  

 The general continuous-discounting formula in this case is 

(6) . 1

0
( ) : ( ) (1 )

T rTPV T A d r e p− −= τ τ = π − =∫
The last equality expresses the equilibrium condition that there be no extra profit, on the 

assumption that the supply price (p) of the input concerned is paid at the beginning of 

the period of production (and that revenue is paid at the end of the period); this requires 

that the present value be equal to the supply price of the input or, equivalently, that the 

unit-period revenue be equal to the unit user cost of the input per unit of time: 

. Formula (6) is inconsistent unless a single flow of revenue ( ), the 

rate of interest (r) and the number of periods of production (T) are all consistently 

measured in reference to the period of production. 

1(1 )rTr e− −π = − p π

 Expression (6) makes clear that, with π  and r defined in reference to the unit 

period of production, the domain of integration is from zero to the maximum number 

(T) of production periods that the input concerned goes through during its lifetime. 

Compare this with the usual expression of the continuous-discounting formula in the 

literature: 

(7) . 0

0

( )
0 0

( , ) :
t r v t rv

t
PV t t e dv e dv

τ− − −= π = π∫ ∫
In this case,  and r are defined, as in (6), in reference to a given unit period of π

                                                 
0 1T5 T = 0 means that no production has ever started, and < < , that no single full 

round of production, though having begun, has yet been completed. 
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production (a “year”); however, t here is not a real number standing for an instant of 

time but a natural number indicating a unit-period (“year”) coordinate of time. Hence τ  

here stands for both our  and T. This result is only consistent on the assumption that 

not only the unit period of production has a positive duration (

τ

* 0τ > ) but also that 

duration is unity ( * 1τ = ); hence, Tτ =  from (5). Expression (6) has a comparative 

advantage in explicitly indicating that the domain of integration in discounting must be 

the number of production periods covered during the lifetime of the input concerned. 

This is significant—as will become apparent later—because that number is a quantity 

different in “dimension” from the duration of time. Such indication is not clearly visible 

in expression (7).  

 Expression in the way of (7) is an analogue of the way of expressing the present 

value of flows of utility from consumption. A significant difference, however, must be 

recognized between production and consumption. In consumption theory there is no 

theoretical need for what is a counterpart of the concept of the period of production—

the “period of consumption,” the minimum period of time in which, when there are 

various consumer goods, they are to be synchronized to generate utility. First, 

consumption goods need not be synchronized to generate utility. Second, theoretically 

speaking, there is nothing unreasonable in assuming that utility is generated every 

instant of time even though the consumption of one full unit of a good takes some 

positive duration. Consumption theory need not define the unit period for a model in 

hand in alignment with the period of time in which the generation of utility is identified. 

Thus, the literature takes it for granted, with no logical difficulty, that even though 

utility is identified (generated) instantly (“instantaneous utility function”), the unit 

period of time is a positive interval. When it is said that a consumer good is being 

consumed from “time”  to “time” 0t t , the domain of integration for discounting 

utility is simply the period of 0[ , ]t t , or the duration of 0t tτ = − , with no need for this 

duration either to be a natural number multiple of the normalization unit of time or to 

indicate the number of “periods of consumption” covered in the lifetime of the good. 

Production of the “point-input-flow-output” type is analogous to consumption. 

Once an input is introduced into production, then even though there is no further 

introduction of inputs, there is a continuous flow of output over time—that is, output 
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comes into being at every instant (with the corresponding continuous flow of revenues). 

Imagine a well which you can hole once and which will afterwards supply water (or, 

better or not, oil) continuously. This does not require a sequence of production periods 

in each of which an identifiable “production event” takes place, despite a continuous 

stream of output. In this type of production, the present value of revenues is obtained in 

the same way as that of utility. Though revenue is generated every instant, the unit of 

time is a positive interval. 

By contrast, in production in which both durable and nondurable inputs are 

synchronized, the durable input does not function in the way of the “point-input-flow-

output” type. There must be, alongside the durable input, a sequence of applications (or 

a continuous flow) of the nondurable input if there is to be output in the productive 

process: an identifiable batch of output comes into being if and only if a batch of the 

nondurable input is used up, alongside the durable input. This type of production is a 

variant of “flow-input-flow-output” production. There is a direct causal relation 

between an input introduced at a certain time and an output coming into being at a later 

time (not necessarily but usually, at the end of the period at the beginning of which the 

input has been applied). The period of time that runs between the input and the output is 

the period of production. Net output (revenue) is calculated by the unit of the production 

period. In this type of production, the concept of the period of production is a sine qua 

non and it is reflected, in the present value formula, in the measurement of a single flow 

of revenue, the rate of interest and, in particular, the domain of integration, which must 

denote the number of production rounds that the input concerned goes through during 

its lifetime, and which in turn implies that the normalization unit of time in the model 

concerned must be the same as the unit period of production. If one wishes to do some 

operation such as revenue discounting, it has to be done by the unit of the period neither 

shorter nor longer than the period of production. Therefore—differently from utility 

discounting—if revenue is assumed to accrue every instant (which implies that the unit 

period of production is an instant), the normalization unit of time for the model in hand 

cannot be a positive interval but an instant.6  

                                                 
6 One may in actuality use a normalization unit the duration of which is different from 

that of the period of production, but such a use is no more than nominal and the effective 
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 Until the next section we work with a positive unit period and the general 

formula (6) applies. For an ever-lasting durable input, one has T = ∞  so that 

(8) 1( ) d dT
PV T r p−

=∞
= π = ;  

hence, the user cost of the input is —the familiar result. For a nondurable input, one 

has  so that 

drp

1T =

(9) 1
1

( ) (1 )r
n nT

PV T r e p− −
=
= π − = ,  

the user cost of the input being —a result of no particular merit.1(1 )r
nr e p− −− 7  

                                                                                                                                               
normalization unit period—the duration of time relevant to production theory—is the 

period of production. Thus, though one may freely say that a single distinct production 

event takes place over a period half (six months) or twice (two years) as long as a 

particular “unit period” (a year), what is relevant is the fact that an input whose lifetime 

is two years is used four times in productive process (in the case of six-month 

production event) or just once (in the case of two-year production event); hence, the 

input is classified as a durable in the former case and as a nondurable in the latter. 
7 Katzner (1988) arrives at exactly the same general formula as (6) and the same result 

as (9) for a nondurable input. But he refers to the “conventions” that “[the life of a 

nondurable input] is expressed in terms of numbers of instants (that is, numbers of 

infinitesimal lengths of time) and assumed to be unity” (emphasis added) whilst “lives 

of durable inputs are scaled as numbers of periods of finite length such as years and 

months,” so that “[the life of a durable input] can be any positive real number” (p. 386). 

From this he infers that “the limit of [the life of a durable input] as [it] declines is 

zero—not the life of a nondurable input” (p. 386). It is obvious that these statements are 

results of not fully understanding the significance of the period of production. He is 

willing to allow for different normalization units of time in one and the same model. He 

is also blind to the close relationship, and the necessary distinction, between the lifetime 

of an input and the number of production rounds it goes through. He does not realize 

that, his statements notwithstanding, he is actually using a common unit of time for all 

kinds of inputs—a (any) positive interval of time. His concept of an “instant” of time 

confirms the fact: “the concept of ‘instants of time’ hereafter is characterized 

specifically as an arbitrarily small time interval. The alternative possibility of thinking 
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2. The instantaneous life of a nondurable input: production in “no” time 

Many models (see footnote 1 above) feature a nondurable input the user cost of which is 

equal to its supply price, so that 

(10) n npπ = . 

This result does not conform to the general formula (6) with T = 1, or to (9). It invites 

scrutiny. 

 If one puts aside the utterly non-theoretical “justification” which Silberberg and 

Suen (2001) hold for their inattention to a nondurable input (see the opening part of the 

present paper), there are two possible justifications for (10). One is to assume that, the 

period of production being a positive interval, the supply price of the nondurable input 

is paid at the end of each production period (with revenue being also paid at the end of 

the period).8 To formulate the general formula, let us assume that the supply price of an 

input (whether nondurable or durable) is paid at the end of the kth  

period. Then the general formula for this ex-post payment of supply price—the 

counterpart of (6), which is for the ex-ante payment—is 

( 1,2. ,k T= )

                                                                                                                                              

(11) ,  
0 0

( ) : ( )
T k rvPV T A d pe dv−= τ τ =∫ ∫

which yields . The case of a nondurable input is one in 1 1(1 ) (1 )rT rkr e pr e− − − −π − = −

 
of an instant as the limit of a sequence of smaller and smaller intervals … no longer is 

allowed” (p. 380). When he actually comes to an instant of time of the alternative 

thinking, he states that “it would be necessary to set [the input life] = 0 for 

nondurable[s]” (p. 386, fn. 9), which is construed as equivalent to T = 0 in (6), and that 

then “their rental values would always be infinite” (p. 387, fn. 11). He is not aware that 

the derivation of (6) is at the outset based on a positive period of production; one cannot 

use (6), as we shall show, if the period of production is an instant (of his alternative 

thinking). 
8 The most general assumption is that the payment of the supply price of an input and 

the receipt of revenue arising from the input are coincident: either at the end of the 

period (to which (11) applies), or at the beginning of the period (in which case the lower 

limits of both integrals in (11) are unity), or at an instant, in which the beginning and the 

end of the period coincide. The last case is the main target of the present paper. 
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which ; thus, one will have 1T = = k nn pπ = . But one can immediately see a problem 

arising from this justification: the user cost of an ever-lasting durable input is 

, which is far distant from the user cost used in (1).(1 e−− )rk
dp 9 

 Another justification is the assumption that the nondurable input is used up at 

an instant. No sooner has the input been introduced into production than it is used up, 

output produced and revenue generated. The life of the input is instantaneous; that is, 

the duration of its lifetime is zero: 

0 0 0 0( , ) 0t t t tτ = − =(12) . τ =

Since revenue is engendered in the period of zero length (the period of production is an 

instant), the discounting period must also be zero. Then, so would the reasoning 

continue, the discounting formula that should be applied is 

(13) 0
0

( ) r
n nA e− ⋅

τ=
τ = π = π . 

For an ever-lasting durable input, again so would the reasoning run, the number of 

production periods is infinite, so that one continues to use formula (8); the result is its 

user cost as one would wish to have: . The national accounting identity (1) would 

be perfectly justified.  

drp

 Realism aside, this justification in terms of the “instantaneous period of 

production” is subtle from the logical point of view, and to check the logical soundness 

of this justification is the main objective of the present paper.10 
                                                 
9 One can easily check the case of discrete discounting and make a similar statement. 
10 The authors mentioned in footnote 1 take (1) and thus (10) for granted as if the 

setting of continuous time ipso facto justified them. The most explicit justification along 

the lines of (12) and (13) is found in Hicks (1973, Ch. II; in particular, “Note to Chapter 

II”). He states that whereas in the setting of discrete time (his “weeks”) “interest on the 

net input of the week (since it was paid for on the Monday) is included in the capital at 

the end of the week,” “[i]f we had worked with continuous time, this interest would 

have disappeared”; “[b]y shrinking the week, we can cause it to disappear” (p. 30). He 

elsewhere considers the case in which a production process is represented by a singleton 

of the net output of a “shrunk” week (that is, an instant) so that the net output is 

“undiscounted, because it comes in immediately” (p. 20); in this case, “input produces 
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 We begin by pointing out that the reasoning behind (13) commits an error and, 

at the same time, only ambiguously reflects an important operation involved in 

discounting in general. We all know, as shown in (4), that the discount factor  is 

obtained by the operation of dividing the unit period into H smaller intervals, with H 

approaching infinity. This operation presupposes the existence of a period which is to be 

divided further, that is, a unit period which has a positive length. The setting that an 

input is used up at an instant implies that the unit period of production—hence, the unit 

period to be adopted—is also an instant. But an instant of time, a point on the real line, 

has the length of zero and, thus, cannot be divided further. One cannot use an 

exponential form as the discount factor. The discount factor must be, instead, of a 

discrete-discounting form, 

re− τ

(1 )−τ+ ρ , where ρ  is the instantaneous rate of interest in 

accordance with the instantaneous period of production. Then,  in (3) must be 

replaced by 

( )A τ

(14)  , ( ) : (1 )B −ττ = π +ρ

where  has been appropriately time-scaled to be an instantaneous flow of revenue.π 11 

The zero period of production (hence, the zero discounting period) implies;  
                                                                                                                                               

0t

output instantaneously” (p. 21). Of course, Hicks’s “week,” whether shrunk or not, is 

the unit period of production.  
11 The “instantaneous” flow of revenue is, following footnote 4, the “average” revenue 

(π ) over an instant t0; that is, ( )0
00

1
0: lim( ) ( )

t

t tt t
t t v dv−

→
π = − π∫

0 0( )t tπ = π = π

0t
r

( )0
00

1
0 0: lim( ) ( ) ( )

t

t tt t
r t t r v dv r t r−

→
= − = =∫ 0( )r t

. Using L’Hôpital’s rule, 

one obtains . But the “instantaneous” rate of interest (ρ ) is not the same 

as the “average” rate of interest ( ) over an instant t0, for 

. The rate  is one that prevails at instant t0, 

referring to a given positive period, whilst ρ  refers to an instant. Nor is  the same 

as the “instantaneous” rate of change of at instant t0, which is  again. One 

can set r such as , thus making 

ρ

( )r t te 0( )r t

1re = +ρ ( )B ( )Aτ  look like τ ; however, in the current 

case, it is not certain what duration of period r refers to, for the normalization unit of 

time is an instant. 
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(15) 0
0

( ) (1 )n nB −
τ=

τ = π +ρ = π . 

Result (15), free of error, is yet ambiguous. The general discounting formula (6), in fact, 

involves two operations. One is identifying a single discounting term, , for a 

revenue that accrues at the instant of time distant from the present by the duration of 

( )A τ

τ . 

The other is integrating the continuity of these terms over the period during which the 

continuity takes place, the domain of integration being . With T standing for the 

maximum number of rounds in which production takes place by means of an input 

concerned, a nondurable input is an input with T = 1 (it is used up in one round of 

production). The same must be true of even an input that is used up at an instant, with 

an instant as the unit period of production. The existence of the single term (15) must be 

precisely what registers that single round of production (and the corresponding single 

occurrence of discounting, which has a null effect). But the coming-into-being of the 

term is yet to be explained.   

[0, ]T

 The problem with the current case is that not only the duration of the period in 

which production is carried out is zero ( 0τ = ) but the duration of the unit period of 

production—which plays the role of the normalization unit of time—is also zero 

( ). If following (5), the operation of counting the number of production rounds 

would require the division of zero by zero—a mathematically undefined operation. But 

the brute fact lying in front of us is that revenue has been generated, it being implied 

that there has been a completed round of production.  

* 0τ =

The resolution of the issue leads us to set theory: construe the number of 

production periods covered during the lifetime of an input as the cardinality S  of the 

partition set S of that period, each partition cell having the same length of the unit 

period of production.12  

Consider first the case of a positive period of production. If an input has a 

lifetime running in interval 0[ , ]t t  and if the unit period of production has the duration 

of , one will have * ( 0)τ >

                                                 
12 One may argue that there is an alternative, perhaps less “heavy,” method: construe an 

instant of time as the limit of an ever-shrinking interval (that is, as an infinitesimal 

interval). But this method will prove misleading. See the next footnote and Section 3. 
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(16) : { [ , *) }i i iS t t= = + τ ⊆ SI  such that , ( )i j i j∀ ∈ ≠ , i j∩ =∅I I  and 

0[ , ]i i t t∪ =I . 

Then,   

(17) { }S i= . 

In this case, no difference is made at all whether one discusses the matter in terms of T 

defined in (5) or in terms of S . If S is finite (a finite discounting period), { }i =  

{0,1,2, , 1},T − T < ∞ , so that S T= , applicable to all inputs of finite durability. If S 

is infinite (an infinite discounting period), there is a bijection between S and the set of 

natural numbers; that is, { , so that }i = 0S =ℵ  where 0ℵ  (aleph-null) is the 

cardinality of the set of natural numbers. 0ℵ  is the “countably infinite” number; 

therefore, the number of production periods is counted as infinity (∞ )—the same result 

as when one uses (5).  

When the unit period of production is an instant ( * 0τ = ), (5) is no longer 

applicable; by contrast, consideration in terms of the cardinality of the partition set of 

the lifetime of an input cuts the knot at a single stroke. For this we need slightly modify 

the definition of the set S to reflect the fact that each cell of the partition is now a point.  

(18) : { [ , ] }i i iS t t= = ⊆ SI  such that , ( )i j i j+∀ ∈ ≠ , i j∩ =∅I I  and 

0[ , ]i i t t∪ =I . 

For an input whose life lasts for a single instant, S is the singleton consisting of a single 

instant and its cardinality is unity: 

(19) 0{ }S = I ; therefore, 1S = . 

This is the mathematical interpretation of the single occurrence of production whose 

duration is zero. And this single occurrence of production is precisely what is registered 

by the single discounting term (0)B  in (15).13 

                                                 

dτ

:dτ =
0

lim
τ→

τ =
0

0lim ( )
t t

t t
→

13 The same result can be obtained by considering an instant the limit of an ever-

shrinking interval. Denote the duration of such a limit by ; that is, 

− . Formula (5) is replaced by ( ) :T T
d
τ . The instantaneous = τ =
τ
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 The consideration up to now suggests a general discounting formula when the 

unit period of production is an instant. The invisibility of the unit period of production 

entails two points. First, one must use the discrete-discounting factor. Second, therefore, 

one must obtain the present value of revenues as the sum of a sequence of discrete terms 

of discounted revenues, not as an integral of continuous flows of discounted revenues.14 

(In fact, this second point raises some critical issues; see the next section.) The number 

of terms in the series of discounted revenues is the number of production periods that an 

input goes through during its lifetime, and it is calculated as the cardinality of S. Thus, 

the general formula would be:15 

(20) 1 1

0 0
( ) : ( ) (1 )S SPV S B p− − −τ

τ= τ=
= τ = π +ρ∑ ∑ = . 

The case of an instantaneous nondurable input is where 1S = ; therefore, 

(21) 0

01
( ) (1 )n nS

PV S p−τ
τ== n= π +ρ = π =∑ . 

It is not until expressed as in (21) that the two operations actually involved in the 

process of discounting with respect to an instantaneous nondurable input—the 

identification of a single discounting term and the calculation of the sum of a sequence 

of discounted revenues (the sequence consisting of a single term)—are fully explicit. 

 Then, through this rather heavy procedure, we may seem to have reached the 
                                                                                                                                               

0
0lim( )

t t
t t

→
lifetime means that its duration is − . Hence, 0

0lim( )
t t

t t
T

d
→

−
=

τ
0

0

0

0

lim( )

lim( )
t t

t t

t t

t t
→

→

−
=

−
1= . 

The final result, obtained by L’Hôpital’s rule, is the same as that obtained in terms of 

S . But this compatibility collapses in the case of a durable input; see the next section. 
14 An irony is that whilst the use of a positive time interval as the unit period of 

production (thus, measuring time in discrete terms) allows continuous discounting, the 

use of an instant as the unit period of production (which points to the measurement of 

time in continuous terms) would lead to discrete discounting. 
15 This formula is similar to that of discrete discounting where the unit period of 

production is positive and revenue is paid at the beginning of the period. Note that the 

instantaneous period of production annuls the distinction between the beginning and the 

end of a period. 
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rather pleasant conclusion that the instantaneous period of production gives rise to no 

problem at all, with result (10) following from the logically constructed general formula 

(21). However, the instantaneous period of production does not let pass without a toll. 

The toll falls on the other member of the production partnership—a durable input.  

 

3. The “eternal” life of any durable input: counting the uncountably infinite 

If a nondurable input is an input that is exhausted at an instant, a durable input is an 

input that lasts for more than an instant—that is, an input that stays in production for a 

positive interval of time, no matter how short.  

Now, with 0 0[ , ]i t t=I  as in (18), if one is to have 0[ , ]i i t t∪ =I , 0t t> , it 

must be the case that  

(22) 1S =ℵ . 

This result is nothing but the fact, known to us thanks to Georg Cantor, that the 

cardinality of any positive interval on the real line is 1ℵ  (aleph-one). Then, for any 

durable input, whether of finite or infinite duration in calendar time, one would have, if 

applying formula (20), 

(23) 1

1

1

0
( ) (1 )dS

PV S ℵ − −τ
τ==ℵ

= π +ρ∑ . 

 One may then be tempted to think that 1ℵ  could be treated as infinity ( ) of 

the extended real number system, so that one would obtain the following result: 

∞

(24) 1
0

(1 ) (1 )d d dp∞ −τ −
τ=
π +ρ = π +ρ =∑ . 

The temptation is fatal: (24) is not a logical derivation from (23).16 With regard to 1ℵ , 

one cannot do the same thing as one does with respect to 0ℵ . The latter can be treated 

as the same as  (as we have done for an ever-lasting durable input with a positive 

unit period of production), but the former cannot. The reason is that whereas  is the 

∞

0ℵ

                                                 
16 The method of limit considered in footnote 13 will lead to exactly the same result as 

(24): for any 
0

0

t t

t tT
dt >

−
= = ∞0t t> , . Thus, the argument below implies that this 

method is misleading.  



 16

(transfinite) number given to a “countably infinite” set, 1ℵ  is the (transfinite) number 

given to an “uncountably infinite” set.  

 The qualifiers, “countable” and “uncountable,” are far more than nominal. 

Formula (23) is, from the logical point of view, to be interpreted carefully. It is 

expressed as the sum of a sequence of discrete terms. To be exact, however, a sequence 

of discrete terms, in its ordinary notion, is indexed by the natural numbers: there is a 

one-to-one correspondence between its “ith” term and a natural number i. A sequence 

involves listing its terms, and this listing amounts to counting the terms following the 

sequence of natural numbers. If a sequence is infinite (the case in which we use  for 

the number of terms in the sequence), the number of its terms is the same as the number 

of all natural numbers, . However, “series” (23) expresses the number of terms as 

, which is “larger” than : “series” (23) proposes to sum more than the infinite (

∞

0ℵ

ℵ1ℵ 0 ∞ ) 

number of terms that the usual infinite series (24) refers to. Looking at the opposite side 

of the same coin, series (24) leaves uncounted some terms that are supposed to be 

included in “series” (23). Indeed, Cantor tells us, there are infinitely more uncounted 

terms than counted ones. Formula (23) refers to a sequence indexed by the real numbers 

in a positive interval—to be strict, a net (or a Moore-Smith sequence) on a positive real 

interval. The sum of a sequence indexed by an uncountable set converges only if at most 

countably many terms in the sequence are nonzero (see, e.g., Bonar and Khoury, 2006, p. 

94). But series (23) has uncountably many nonzero terms—it diverges properly, that is, 

to infinity. It transpires that one cannot use formula (24), which is supposed to follow 

from (23).  

 This result comes from understanding the domain of discounting in terms of the 

number of production periods—[0  or , ]T [0, ]S —that an input goes through during its 

lifetime. One may counter-argue that this is not a correct procedure and instead propose 

to take, as the domain of discounting, simply the real interval 0[ , ]t t , or its duration 

0t tτ = − , corresponding to the lifetime of an input and, in the setting of continuous 

discounting, to resort to integration over that domain (this is what one does when 

discounting utility or revenues in the “point-input-flow-output” production). The 

significance of the period of production in synchronized production has been detailed in 
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Section 1. However, if only for the sake of argument, let us suppose that one could use 

the method of integration in the way just mentioned. Then, one would have for a 

durable input which lasted for the duration of τ ,17 

(25) 
0

( ) (1 ) 1 (1 )
ln(1 )

v d
dPV dv

τ − −
τ=τ

τπ ⎡ ⎤τ = π +ρ = − +ρ⎣ ⎦+ρ∫ . 

For an ever-lasting durable input one would have the present value as [ ] 1ln(1 )d
−π +ρ . 

This result is not precisely what one wishes to have in relation to the national 

accounting identity (1).  

 The real difficulty would lie elsewhere, however. Integration would backfire—

on a nondurable input. Recall that the obtainment of the present value involves two 

operations: identifying a single term of discounted revenue and integrating over the 

continuity (or, summing a sequence) of terms of discounted revenues. The very reason 

why we have used a series of discretely (or, more precisely, “point-wise discretely”) 

discounted revenues, given as (20), rather than an integral of continuously discounted 

revenues, is to carry out both of the two operations for an instantaneous nondurable 

input. In particular, the second operation is to explain the coming-into-being of a single 

occasion of revenue-generation and revenue-discounting which both take place in a 

period of zero length. Now, if one uses the method of integration for an instantaneous 

nondurable input, the second operation does not work. The duration of lifetime of an 

instantaneous nondurable input is zero; hence, one should have 

(26) 
0 00

( ) lim (1 ) v
nPV dv

τ −
τ→ τ→

τ = π +ρ∫ . 

One would invariably have the zero present value of revenue for the input. One would 

then have every reason to believe that integrating simply over the lifetime of an input, 
                                                 

0
: limd

τ→

17 In fact, using formula (25) amounts to making the unwarranted assumption that the 

real series (23) is convergent. If a real series converges, the series can be expressed as 

an integral with the respect to the counting measure of the real interval concerned. The 

necessary condition for convergence is that at most countably many terms is nonzero 

and this condition is satisfied if the normalization unit of time is a positive interval (or 

an infinitesimal interval, whose duration is τ = τ—less than any positive number 

but still nonzero) (see, e.g., Bonar and Khoury, 2006). 
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not over the number of production periods covered in that lifetime, is not a proper 

method to be used in the economics of revenue-discounting when there is an input 

whose lifetime is instantaneous. 

 The infinite present value of revenues arising from any durable input is an 

inevitable result of setting an instant as the unit period in which an input completes a 

round of production. The instantaneous period of production leads to the measurement 

of time in terms of an instant, not a positive interval, and thus to the consideration of the 

matter in terms of the set of real numbers (zero-length points), not in terms of the set of 

positive intervals. The oxymoronic difficulty of counting the uncountably many number 

of production rounds for a durable input is but one of the aspects of the property of the 

real numbers. The next two sections present variations on the same theme, in the 

physical and philosophical contexts.  

 

4. The non-physics of instantaneous production: either Now or Eternity 

The concept of time used in modern economics—at least in the usual economics of 

discounting—is based on Newtonian mechanics. A physical event takes place in space-

time, and space-time is represented by a four-coordinate system. Physical time (or 

cosmic time)—Newton’s “absolute, true, and mathematical time”—is construed as 

having the structure of an affine space modeled on real numbers (see, e.g. Belot, 

2007).18 Each moment of absolute time is assigned a real number, t, which we have 

called an instant of calendar time—Newton’s “relative, apparent, and common time.”19 

                                                 

1 2 3( , , , )

18 Absolute time is defined in reference to absolute simultaneity (or common moment) 

of different events, which means that for any given moment of time, all observers in the 

universe can observe, at the same time, two or more events taking place at different 

points of space: two events, respectively coordinated by x x x t

1 2 3( ', ', ', )

 and 

x x x t {1,2,3}, can be observed for all t and for at least one i∈  such that 

'i ix x≠ . In other words, time flows at the same rate (“equably”) for all observers in the 

universe. 
19 A moment of absolute time is exemplified by the straight alignment of the Sun, the 

Earth and the Moon, or Christ’s incarnation, or Mohammad’s first Hijra. Each of these 
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The set of t’s is a coordinate system which is designed to describe the behavior of 

absolute time. This coordinate system should have the structure that will precisely 

represent the order of events happening at different moments of absolute time and also 

the (relative) size of the elapse of absolute time from one moment to another. That is, 

calendar time (the set of t’s) is the image of an affine (and bijective) transformation 

from absolute time to the set of nonnegative real numbers.20 

 The translation of absolute time to calendar time is an affair of physics and 

cosmology. An economic model has an affair of its own: the translation of calendar time 

to “model time” that fits a model in hand—in production theory, using a chosen unit 

period of production as the unit of time. This latter translation should maintain the 

structure of calendar time (thus, the structure of absolute time) if the model based on the 

translation is to have any relevance to the physical world. For this, the translation of 

time in economics must be a continuation of the affine transformation of absolute time 

in physics. Instants of calendar time (t-time) are translated to instants of “scaled time” 

or “model time” (z-time) by a rule 

(27) 0: :
*

t tf t z −
=

τ
, with . * 0τ >

The model repositions the origin of time at t0 (t0 is the “present”) and rescales the length 

of period by transforming an interval [0, *]τ  of calendar time to .  [0,1]

 With  (the period of production is a positive interval), function f is a 

one-to-one correspondence. It is owing to this bijective affine transformations that a 

model based on instants of scaled time is taken as representing the physical universe in 

a meaningful way: z-time exactly translates t-time (hence, absolute time) in which 

happen physical events in the universe—in our case, production.  

* 0τ >

 If an input is used for a period of calendar time 0[ , ]t t , the corresponding 

model time is a set of real numbers z such that [0, ]z Z∈ , where  

                                                                                                                                               
moments is assigned a certain number in accordance with a given coordinate system 

(relative time), such as a certain “day” of a certain “year.” 
20 If the universe has a finite lifetime, the set of nonnegative real numbers will have a 

finite supremum. 
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(28) 0: sup[0, ]
* *

t tZ Z− τ
= = =

τ τ
. 

Interval [0, ]Z  is the period of model time during which production is being performed 

by means of the input concerned. 

When one uses formula (5) or (17) to obtain the number of production rounds, 

one takes it for granted that T or S  is a quantity that describes physical events of 

production. But the physical significance of T or S  is not warranted until it is shown 

to be inherently related to physical events. With (27), the warranty is secured: T and S  

are equal to the supremum Z of the z-time period [0, ]Z  during which physical 

production is carried out. T and S  obtain their physical relevance precisely because 

they are inherently related to z-time, which is the time that, though scaled in agreement 

with a model in hand, translates t-time affinely and bijectively, via f, to the model 

concerned.  

Now, in order for T or S  to be related to z and thereby to secure physical 

significance, z-time, as a faithful translation of physical time, must first and foremost 

exist; that is, the bijective affine transformation f of (27) must exist. But such an 

existence is denied—thus, the connection between the physical world and the model 

world severed—by the instantaneous period of production. The instantaneous period of 

production (therefore, an instant as the unit of time) amounts to abandoning the affine 

one-to-one correspondence, represented by function f in (27), between calendar time 

(hence, absolute time) and model time.  

Construe an instant as the limit of an ever-shrinking interval, so that the 

duration of the instantaneous period of production is 
* 0
lim *
τ →

τ . The counterpart of (27) is  

(29) 0

* 0

: :
lim *
t tf t z
τ →

−
=

τ
,  

which results, for 0 0[ , ] ( )t t t t t∈ ≥ , in 

(30) .  {1, }z∈ ∞

Function f  is not a bijection; there is no affine one-to-one translation of instants of 

calendar time (hence, moments of absolute time) to instants of model time. Note the 
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contrast with z-time, which is a continuum just like calendar time (hence, absolute 

time): with z-time, time in a model exists continuously from 0z =  to , with the 

corresponding elapse of calendar time from t0 to 

z T=

t . In contrast, -time exists only as 

1 or ; there is no time in between. In a model with -time, events take place either 

at  (the “present”) or at 

z

∞

1=

z

z z = ∞  (“eternity”), but never in between; time exists 

discontinuously.21 It must transpire that -time, unlike z-time, does not deserve the 

title of “model time.” Hotelling (1931) has once argued that economics abhors 

discontinuity as much as, for Spinoza, natura abhorret vaccum. Figures 1 and 2 

illustrate the case. 

z

<Figure 1 and Figure 2 around here.> 

Thus, though T or, rather, S , may be equal to one of the elements of the set of 

, one can never say that such z S

                                                

 is the number of production rounds as construed as 

physical events. The model concerned does not properly describe the physical world 

that it intends to represent.  

Result (22) tells us that any input that lasts for more than an instant, that is, an 

input that lasts for any positive period of production, goes through infinitely (more 

precisely, transfinitely) many production periods. The instantaneous period of 

production is incapable of distinguishing between inputs which have different (positive) 

durations of lifetime. Looking relatively innocent, this incapability is nothing but a 

revelation of the failure of translation from calendar time to model time. This 

understood, it would be established that even the instantaneous life of a nondurable 

input—which we have taken as existing at an instant of calendar time, the “present” 

(t0)—could not be given a physical significance; though the coordinate t0 exactly 

translates a particular moment of absolute time, the translation does not extend to a 

corresponding instant of model time.  

Under the reign of the instantaneous period of production, the life of inputs, 

whether the “instantaneous” life of a nondurable input or the “eternal” life of any 

durable input, is not physical. The instantaneous period of production denies Newtonian 

 
z21 Note the difference between = ∞  and 1S =ℵ . They are, as was noted before, 

quantities that are different in “dimension.” 
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mechanics. 

 

5. The non-economics of instantaneous production: Zeno’s paradox 

Economic—indeed, any physical—events, measured in terms of separately complete 

units, take place one “next” to another over time.22 Take the example of horizontal 

innovation (or creative destruction) models.23 The economy begins, at time zero, with 

given stocks of the final good, intermediate goods and designs. Production takes place 

at the same “time” in each and all the sectors to produce designs, the final good and 

intermediate goods respectively. Through this production the economy is endowed with 

the new stocks of the inputs to be used for the “next” production. Too obvious though it 

may sound, the “next” production cannot take place at the same “time” as the 

“previous” production. If it did, this would mean that everything happened at the same 

“time.” The very thesis of horizontal innovation or creative destruction models is that 

the increasing variety or improving quality of intermediate goods through innovations is 

the source of continual economic growth. With everything happening at a single instant, 

one would be allowed to talk about neither “increasing variety,” nor “improving 

quality,” nor “innovations.” The models in question, if to be meaningful, should be 

based upon a sequence of production.24 

                                                 
22 The first-ever “next” event after the Big Bang—the separation of gravitation from the 

other fundamental forces (electromagnetism, the weak interaction and the strong 

interaction)—took place one Plank time after the event of the Big Bang that happened at 

time zero.  
23 Examples directly related to this argument are Barro and Sala-i-Martin (2004) and 

Aghion and Hewitt (1992), which respectively represent horizontal innovation and 

creative destruction models. Though Romer (1990), the canonical model of horizontal 

innovations, imagines that all inputs in the economy are durable, it can be shown that 

this involves an internal contradiction; the resolution of the contradiction requires that at 

least one of the inputs be nondurable. Gancia and Zilibotti (2005) and Aghion and 

Hewitt (2005) are excellent surveys of horizontal innovation and creative destruction 

models, respectively. 
24 It will become apparent that the meaning of a “sequence” here is restricted to that of 
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 This requirement of sequentiality is seen more vividly if the horizontal 

innovation or creative destruction process of production is construed in an alternative 

(but equivalent) way. The final good is produced by means of intermediate goods, which 

has been produced by means of a design, which had been produced by means of the 

foregone final good, which had been produced by means of intermediate goods, and so 

on ad infinitum. For horizontal innovations and creative destruction to be possible, there 

must be a sequence of “production-events,” which requires “production-events” to take 

place one “next” to another along the time line. Indeed, this should be the case for any 

economic models where commodities are produced by means of produced commodities 

(the usual Solovian one-sector growth model being another best-known example).  

 Thus, if the models in question are both to take (10) (or (1)) for granted and to 

be meaningful, production must take place both instantly and sequentially along the 

time line. But “sequential instantaneity” is the antithesis of the very property of real 

numbers, on the basis of which the structure of time is construed. Any positive interval 

on the real line is a continuum, a linearly ordered set of more than one element that is 

densely ordered: with the linear ordering <, for every real number x and y such that x < y, 

there is always another real number w such that x < w < y. One cannot locate an element 

lying “next” to a given element of the set. One cannot identify the instant coming “next” 

to the present instant.25 A sequence of production taking place instant by instant is 

inconceivable. The instantaneous period of production cannot accommodate 

“production of commodities by means of commodities” (Sraffa, 1960). 

This demolishes the obtainment, in the models in question, of the present value 

of revenues generated from a durable input, a single flow of revenue assumed to accrue 

every instant. In these models, the sequence of instantaneous revenues is rendered 

possible by a sequence of nondurable inputs being newly introduced into production 

                                                                                                                                               
the ordinary sequence indexed by the natural numbers, not that of a net (or a Moore-

Smith sequence) indexed by any set, including an uncountable set. 
25 There will always be another instant “after” the present instant, but this “after” can 

be by a second, by a nanosecond, by a yoctosecond, by 100 attoseconds (the shortest 

time interval ever measured), by a Plank time (the shortest time interval in theoretical 

physics), or by any arbitrarily small duration. 
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every instant, that is, a sequence of new production events. 26  A sequence of 

instantaneous production events being inconceivable, there can be no sequence of 

revenues to be discounted. Production can never proceed beyond a given instant (of 

calendar time). Zeno of Elea has been resurrected, triumphantly (the most relevant to 

the current case is the less well-known paradox of “plurality”; see, e.g. Salmon, 2001). 

 

6. Conclusion: grant a nondurable input the more-than-instantaneous life 

Georg Cantor, Isaac Newton and Zeno of Elea—they would all have a say in the 

economics of discounting in which an input is used up at an instant of time. Cantor 

would wonder how the economist counted the uncountably infinite to obtain a finite 

value. Newton should be surprised how the economist could exist either Now or in 

Eternity but never in between. Zeno must be exultant to find that a sequence of 

production was inconceivable in the economy. Homer—many Homers, classic or 

contemporary—has nodded in the economics of (instantaneous revenue) discounting. 

Homer the economist should awake and replace the setting of the instantaneous 

period of production with that of the positive period of production. Yet, neither of the 

two options that will then become available—the ex-ante and the ex-post payment of the 

input supply price—will save the national accounting identity (1) from logical 

inconsistency. The only way of fully recovering logical soundness and consistency is to 

revise the casually used national accounting identity. 

 

                                                 
26 We have already mentioned the difference of this type of production from the “point-

input-flow-output” one. The latter type is free of the difficulty being referred to, for a 

sequence of “production events” is not a feature of it. 
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Figure 1: the case of a positive unit period of production  
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Figure 2: the case of an instantaneous unit period of production 
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